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Abstract

This is my study note on special relativity. I started this note with the hope that
it will eventually become part of my training course on the foundations of electronics
for analog design engineers. To that end, we follow the notation used in The Feynman
Lectures on Physics (FLP) [1], as it serves as a lifelong companion for electrical engi-
neers. For example, we use (at,a) - (b, b) = a;by — a - b as the definition of the inner
product of two four-vectors. We chose the SI unit system, but use €9 and ¢ instead of
g0 and po for electromagnetic constants. [2] Additionally, we refrain from using tensor
component expressions as much as possible, opting instead for ordinary vectors, as they
are more intuitive and convenient for solving our electrical engineering problems.

This note is not for first-time learners of relativity, but it can be used as a quick
review or recap for those who have some exposure to the subject, or as a supplementary
material for things you may have missed at school.

Acknowledgment I acknowledge the use of Google AI mode (80%) and ChatGPT
(20%) to check the grammar of the text.
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1 Special Theory of Relativity

1.1 Spacetime

In this section, we introduce basic concepts such as spacetime, interval, proper time,
and four-vector. Readers are expected to be familiar with the concept of inertial frame.

1.1.1 Interval

Experience tells us that the speed of light is the same regardless of the inertial frame
it is measured. Consider a light ray emitted from a point P and is arriving at another
point Ps. Suppose that we observe it from two inertial frames K and K’. Let’s say
the origin of K’ is moving with velocity V relative to K. The constancy of the speed
of light can then be expressed as follows:

(cAt)? — (Ar)? = (cAt)? — (Ar/)2 =0 for any V, (1.1)
where At and Ar are, respectively, the elapsed time and displacement vector from Py
to Py measured in K. At’ and Ar’ are the corresponding quantities measured in K'.

Now, we define spacetime interval As between two points and times as
(As)? = (cAt)? — (Ar)2.

Let us show that this interval (As)? is independent of inertial frame in which it is
measured, in other words, (As)? is an invariant. According to (1.1), if (As)? = 0
in one inertial frame, then (As’)?> = 0 in another. This suggests that the interval
transforms according to

(As')? = A (As)?,
where factor A is a function of the magnitude of the relative velocity V only, because
the isotropy of space requires that A cannot depend on the direction of V. Similarly,
the homogeneity of space and time requires that A cannot depend on the locations of
the two points or the times. Therefore, we can write

(As')? = A(V?) (As)?.
When V = 0, the two inertial frames coincide. Therefore
A(0) = 1. (1.2)

Now consider a third inertial frame K” is moving at —V relative to K’, i.e., K" is
identical to K. Applying the transformation twice, we get

(As")? = A(V?)(As')? = A(V?)? (As)2

Since K” and K are identical, A(V?)? must be unity. Together with (1.2), we find
A(V?) = 1. Therefore spacetime interval (As)? is an invariant:

(As)? = (cAt)? — (Ar)? = (cAt)2 — (AT")?  for any V.
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1.1.2 Proper time

Let us consider the motion of a mass-point. Because its velocity may vary with time,
we examine an infinitesimal displacement dr during an infinitesimal time interval dt.
The differential interval ds at a given instant ¢ is

ds = \/(cdh)? = (dr)2 = cdt /1 - (v]e),

_dr

=

Suppose an inertial frame K’ moves at the same instantaneous velocity v as the mass-
point relative to K at an instant ¢. In K’, the velocity of the mass-point is zero, v' = 0.
Therefore, recalling the invariance of the interval, we find

ds = cdt\/1— (v/c)*> = cdt \[1 — (v )c)* = cdl'. (1.3)

For a mass-point traveling along a path p from P; at ¢; to Py at to, the elapsed time
measured by a clock traveling with the mass-point is

th —t] :/ds/c,
p

This elapsed time is called the proper time of the mass-point.

From (1.3), we find
dt’
= V1= (/o)? (14)

Since the right hand side is less than unity, the proper time “felt” by a moving mass-
point is less than the elapsed time measured in K, or by the observer. This is known
as time dilation. In the non-relativistic limit of ¢ — oo, we get dt’ = dt, as expected.

where

v? = |v)?, v

Example Let’s say T(0) is the lifetime of a particle at rest (v = 0), the apparent
lifetime T'(v) of the particle moving at speed v will be

dt’ B T(0)
VI=@/e? 1= (v/c)*
A muon! at rest has a mean life of 7(0) = 2.2 x 107% seconds. Cosmic rays hitting

nitrogen and oxygen nuclei make pions high in the Earth’s atmosphere. The pions
rapidly decay into muons in 2.6 x 10~® sec. A muon moving at the speed of light from

T(v) =dt =

IThis example is taken from “Physical Mathematics” by Kevin Cahill [3]



10 km takes at least ¢ = 10km/300,000 km/sec = 3.3 x 107 sec to hit the ground.
Were it not for time dilation, the probability P of such a muon reaching the ground as
a muon would be

P =0 — exp (—33/2.2) = 2.6 x 107".
A muon moving at a speed of v = 0.99 ¢ has an apparent mean life T'(v)

T 2.2 x 1076
T(v) © = x 10 1.6 x 107 sec.

T /1o T (0092

The probability of survival with time dilation is

P = et/ — exp (—33/16) = 0.12

so that 12 % survive. Time dilation increases the chance of survival.

1.1.3 Four-vectors

Just as the magnitude of an ordinary vector is invariant under spatial coordinate trans-
formations such as rotation or translation, we can think of four-dimensional vector
(at, @) of which magnitude (a;)? — (a)? is invariant under certain coordinate transfor-
mations. We call such coordinate transformations Lorentz transformations, the four-
dimensional vector space the spacetime, and any quantities invariant under Lorentz
transformations a Lorentz invariant. When physical laws are expressed in terms of
ordinary vectors, their covariance under rotation or translation is apparent. Our goal
is to express our physical laws in terms of four-vectors so that their covariance un-
der Lorentz transformations is likewise apparent. We will take deeper look at Lorentz
transformations later in Section 1.3 and Appendix B.

The first example of such four-vector is spacetime displacement dr = (cdt, dr). The
magnitude of dr is the interval: (ds)? = dr? = (dt)? — (dr)>.

As with ordinary vectors, the inner product of two four-vectors is also a Lorentz
invariant, or a scalar. To see this, let a and b be four-vectors, the sum (a + b) is a
four-vector and hence its magnitude (a + b)? is a scalar:

(a+b)?=a?+b’+2a-b.  (Scalar)
Since a? and b? are also scalars, a - b must be a scalar. Therefore
a-b=(a, a) (bt; b) =arby —a-b. (Scalar)

We will derive this in a different way later in Section 1.3.



Consider a scalar function f(¢, 7). Recalling that the total differential df of a scalar
function f(t,r) is also a scalar. That is

df = %{ dt +Vf-dr. (Scalar)

This can be viewed as the inner product of a displacement four-vector dr = (cdt, dr)
and the four-gradient 0:

df =0f-dr where 0= (18, —V).
c ot

Similarly, the continuity of charge,

Op
ot

can be viewed as inner product of the four-gradient 0 and the four-current j:

+V.5=0,

0-j=0 where j=(cp, 7).
The magnitude of the four-gradient is d’Alembertian:

1 62
0* =980 = -5 — V2
c2 ot?
Just as ordinary vector space, there are is spacetime version of tensors, four-tensors.
Appendix D gives some more descriptions about four-vectors and four-tensors.

Quick demo Let me show you four-vector alone will take you to something resem-
bles Maxwell’s equations. First, we know that following Poisson’s equation is a direct
consequence of the Coulomb’s law.

—V?%¢ = p/eo
To make this Lorentz invariant, we need to replace Laplacian with d’Alembertian:
1 07 p
2 2 =, 1.5
(62 ot? ) d) €0 ( )

Since cp is the temporal component of the four-current, we should have the same
equation for the spatial component. That means we need a spatial component of the
potential. Let’s say cA is such a component, i.e., cA = (¢,cA) is a four-vector. Then
the equation for the spatial component will be

(182 - v2) A= (1.6)

2 ot? €0C
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The four-gradient of the four-potential, 0 - cA, is a scalar function. Let’s say it is f:

10¢
9-cA=--2 .cA=f. 1.
c CatJer f (1.7)

Plugging
VZA=VV-A-VxVxA

into (1.6) and using (1.7), we find

10 10cA 7
From (1.5) and (1.7), we find
10cA 1of p
(v =E2) 22l 2 1.
V<V¢ 08t>+06t €0 (1.9)
If we define E and ¢B as
10cA
E——Vﬂb—gﬁ, CB—VXCA, (110)
(1.8) and (1.9) becomes
10E  j o 19f
g_19E 3 E=" _ 29 1.11
Vxe c Ot  gpc + v/ v 0 c Ot (L.11)

From (1.10), together with the fact that rotation of a gradient vanishes and that the
divergence of a rotation vanishes, we find
1 X CcA 10cB

VxE= _,M _ _,88 ,
c Ot c Ot
If f is zero or at least constant, (1.11) and (1.12) are nothing but Maxwell’s equations,
except we don’t know what B or A does to charged particles. To figure out, we need
to learn about force, i.e., relativistic mechanics. See Ref. [4] and the references therein
for complete derivations.

V-¢cB = 0. (1.12)

Some words on my notation I am using the SI unit system’s convention on the
definition of the standard quantities such as FE, B, A and ¢. However, some reader
may wonder why I write (1.10) like that instead of

0A
E=-V¢— — B =VxA.
¢) 8t Y X
Or why I don’t write the left hand side of (1.7) as below?
1 0¢
9 A
2 ot v



The answer is that I am writing formulae in a way I can see dimensions of quantities
easily. [2] For example, 0/cOt has the same dimension as V. Therefore, when you
encounter 1 96

- +V.cA

c ot

you will immediately see the dimensions of ¢ and cA are the same. When you encounter

Uxep_ 10E _ 3
c Ot €ocC

you will immediately see the dimensions of E and ¢B are the same.

There is another popular unit system called Gaussian units, where centimeters,
grams and seconds (cgs) are used instead meters, kilograms and seconds (mks). It
sounds they are different only in those units they use. But in fact definitions of quan-
tities are different. For example, B in Gaussian is ¢B in SI, A in Gaussian is cA in SI,
etc. Gaussian units are popular among physicists at some point because mathematical
formulae expressed in Gaussian units look cleaner. A lot of excellent literature uses
Gaussian units or their derivatives. My notation is an attempt to make it easier to go
back and forth between those units and SI units.



1.2 Relativistic Mechanics

In this section, we derive the relativistic equation of motion by introducing the rela-
tivistic energy-momentum four-vector and four-force. Relativistic angular momentum
and torque are also introduced.

1.2.1 Four-velocity

We would like to find the relativistic version of the equation of motion. To do so, we
need to find the four-vector version of velocity and acceleration. If we simply divide
the displacement (cdt, dr) by dt, the resulting vector will not be a four-vector since
the divisor dt is not a Lorentz invariant. As we saw in Section 1.1.2 that ds is a Lorentz
invariant and is proportional to the differential of the proper time of the mass-point,
ds is something act like differential time for the mass-point. Therefore, we consider
following quantity u.

d(ct,r) _ (cdt, dr) :( 1 v/c )
ds edtyT=(v/e)? \VT=(@/e]? 1=/ )

_dr

=2
We call u four-velocity. Note that this is a dimensionless quantity and its magnitude

is always unity:
2 2
e <1> B (Wc) .
1—(v/c)? 1—(v/c)?

1.2.2 Relativistic energy and momentum

u=

where

v

Let’s find the relativistic energy and momentum in a rather heuristic way first, so that
we can more easily identify them in the four-acceleration formula in the next section.

We begin with this identity.?

v/c

a1 _ v d v (1.13)
dt JT=(ofcR ¢ di \JT=(v]op |
Multiplying mc? to both sides yields
2
d_me 4 mv (1.14)
N AV T

2See Appendix A for derivation.
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This is telling us something. Let us define p and f as

__mv _d
p= S ERE and f = e (1.15)

We find that p becomes Newtonian momentum, p = mw, if we bring ¢ to infinity, the
non-relativistic limit. Therefore, we guess p in (1.15) can be the relativistic version of
momentum. If so, f is equal to the force acting on the mass-point and the right hand
side of (1.14) becomes

v.dﬁzv.f: f-dr

dt dt -

This can be interpreted as the work done to the mass-point per unit time. Therefore
the left hand side of (1.14) is increase of energy (€) of the mass-point per unit time.

d mc? de

dt \JT—(vfe)? dt
Let us ignore the constant of integration and say

mc2

€= ——, (1.16)
V1= (v/c)?
we find
(¢/c, ) me?/c muv
p=1{¢/¢ P)= )
V1= (v/e)? /1 (v/c)?
forms a four-vector, since its magnitude is invariant. That is
p? =é?/c? — p* =m?c (invariant)
We would like to express the energy € in terms of the momentum p. That is
e =+/m2c* + (cp)?. (1.17)

Note that the ratio of the energy and the momentum does not depend on the mass.
cp/e =v/c or cp=cev/ec. (1.18)

It is known that the energy and the momentum of the electromagnetic field has re-
lationship of € = ¢p, i.e., v = ¢. Do definitions (1.15) and (1.16) describe the nature

correctly? That is subject to verification. We need to ask nature. So far, all the results
from this theory is consistent with observations.

11



Kinetic energy When v < ¢, by performing polynomial expansion with respect to

(v/c) of (1.16), we find the Newtonian kinetic energy as the first term after mc?.

2
me 2 1 2 > 2 L 9
€ = ——— = mc |1 + -(v/e)"+...] = mc® + —mv® + .. 1.19
e = me (14 500 : (1.19)
Therefore (1.16) includes kinetic energy.
The same can be said from (1.17),

1 2 2
e = Vm2c + (ep)? = mc? 1+—2<£) = m? + 2 4 (1.20)

¢t \m 2m

Example The rest mass of muon is 105.66 MeV. So the speed v of a muon of energy
749 MeV can be calculated as follows.

1 74
S 9 7089 = wje=099

J1—(0j2 me  105.66

Example Let us consider an ideal gas confined in a cubic box of which side length
is L. Gas particles bounce back and forth at the walls elastically. When a particle of
momentum p velocity v bounces at one of the walls normal to z-axis, its momentum
changes by 2p, and it will travel 2L before coming back to the same wall. The average
force f on the wall would be

f = momentum change per impact X number of impact per unit time,

V.
:2px'i:px'vx/L-

The pressure P is
P=f/L*=p;-v)V,
where V = L3 is the volume of the box. Using (1.18), we find
_ £ .2
Now summing up for all N particles and bringing V to the other side,
a € 1
— ¢ 2
PV = Z g . gvi,
=1
where ¢; and v; is the energy and the velocity of particle i, respectively. The factor 1/3

is came from the fact that velocity is uniformly distributed over z, y and z component.
For non-relativistic gas, we find by using (1.19),

2 1
PV = gz imiv?, (v<o)
7
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The summation is the sum of the kinetic energy of each particle, we call it internal
energy U. Using U above becomes

2
PV = 3 U. (v<e) (1.21)
In case v; = ¢, the internal energy U is the sum of each particle’s energy ;.
1 1
PV = 5261- = 3U (v=rc) (1.22)

7

Example The invariance of p? can be used to facilitate converting laboratory ener-
gies to center-of-mass energies in the following way (consider identical particles of mass
m, for simplicity): 3

In K’ (laboratory), particle 1 has energy €; and particle 2 is at rest.
cp1’ - cpd = (61, cp'l) : (ch, O) = ¢y mc?
In K (center of mass), both has the same energy e.
cp1 - cp2 = (e, cp) . (e, —cp) =+ 02p2
Inner product of four-vector is invariant, i.e., cpy - ¢po = cp1’ - ¢pa’. Therefore
€2 + 62p2 =€ me?.
And both has the same momentum magnitude:

2 2 4

?p1? = *pa? = €€ — 2p? = mAct

Therefore, we find by adding above two together,

2
2 €2 :m62(61+mc2) — €= \/m2c (61+m62)

Example How much mass is used to run 1000MW generator for a year?

Energy generated is
1 x 107 W x 365 x 24 x 60 x 60s = 3.15 x 10'°]
Let’s say overall efficiency is 35%. Using ¢ = 299792458 m /s,

omc? x0.35=3.15x 10" — om~1kg.

3This example is taken from R.P. Feynman, “Quantum Electrodynamics” [5]
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1.2.3 Relativistic equation of motion and four-force

Differentiating u with respect to s yields four-acceleration:

du_dd(cdt,r)_d( 1 v/c >
V1—(v/c)? \/1— (v/c)?

Note that the four-acceleration is orthogonal to u since u - u is constant:

du ldu-u

U.E_Q ds

ds  ds ds

Noting (1.13) and
d dtd 1 d

BBE T A G
du 1 (U d v/c d v/c )

we find

ds c/1—(v/e)?2 \ ¢ dt\/l— (v/c)? dt\/l— (v/c)?

Notice that the four-momentum p is mc times the four-velocity u:

cp = mc®u = (e, cp) . (1.23)

Recalling (1.15), we find the equation of motion in four-vector notation.

dep _ v 1 v dp dp
ds ds 1—(v/e)?2 \ ¢ dt’ dt
1

RV TCA G e

Here, we defined the four-force K = K, = (K;, K):
©)f e
1—(v/c)? 1—(v/c)?
The magnitude of a four-force is negative magnitude of the ordinary force f2:
KMKM: _f'f: _f2~

Note that the four-force K is composed not only of the ordinary force f but also of the
velocity of the mass-point v.

K; = (1.25)

In tensor component notation, the equation of motion (1.24) becomes

depy B o duy
ds me ds

= K, (1.26)

14



1.2.4 Force tensor

We have just learned that the four-force K is composed not only of the ordinary force
f but also of the velocity of the mass-point v. However, we would like to consider
something independent of the motion of the mass-point as a source of force, so that
we can study it by itself. Let’s see if we can bring the velocity out from the four-force
K,, by factorizing it into the four-velocity and a tensor R, , like this:

ds
If such R, exists, it must be anti-symmetric. The explanation follows.

m =K,=u,R,.

Taking inner product with u, yields

2, dup _
mc “ug = Uy Uy Ry

The left hand side is zero, because u,u, = 1.

e duy, _ mc? dugyuy, _
" ds 2 ds
Therefore, the right hand side, u,u, R, , must be zero as well, which means R, must

be anti-symmetric.

An anti-symmetric tensor has six independent components and they are represented
by two ordinary vectors, say p and q. We use (p,q) to represent an anti-symmetric
tensor. Note that, in our notation, when it is a pair of a scalar and an ordinary vector
such as (at,a), it is a four-vector and that when it is a pair of two ordinary vectors
such as (p, q), it is an anti-symmetric tensor. See Appendix D.3 for more about anti-
symmetric tensor.

We get (1.25) with R= R, = (f, 0):
uR = (uta ’U,) (fa O)’

2o f f) = (K, K) =K,

1
V= e
where we used (D.3) and u = (1,v/c)//1 — (v/c)?.

In case R = (P,Q),
K=uR=(u, u)(P,Q)=(u-P, wP+uxQ),

:W(?P,Pﬁc’xcz).

Therefore,
v

If we use (E, cB), this will become Lorentz force.
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1.2.5 Angular momentum
Let’s take a look at following anti-symmetric tensor L = L,
Ly=rup,—rvpy=L= —(ctp —€/er, rx p).

Taking derivative with respect to ds, we find

/1_ U/C2 dt
ctp—e/cr rxp)
\/1— v/c

dL

(cp—i—ctdp—de/cr—e/cv 'v><p+r><dp>
/1_ (v/c)? dt dt
cy/1— (v/c)2 dt

where we used

dp

1 d
=, CpIG/C’U7 ’UXpZO, 7:]0
c /1 _ (’U/C)2 dt dt

Now, we define another anti-symmetric tensor N = N,,,.:

Ny=r,K,—r,K,=N= —;(ctf — (/e f)r, rx f). (1.28)
1—(v/c)?

Noting that (de/dt = v - f), we see the equation of motion for L:

dclL dcL,,
—dcs =N or 72: = Ny (1.29)

In ordinary vector, with L =7 x p and N = r x f, above becomes

dL
— = N. 1.30
p” (1.30)
The ordinary vectors L and NN are the angular momentum and torque, respectively,
which are axial vectors. The anti-symmetric tensors L and N are their spacetime
versions.
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Isolated interacting particles Let us consider interacting particles those posi-
tions and momentums are r; = (ct, r;), p = (€;/¢, p;), respectively. Since the system is
isolated, total angular momentum as well as total energy and momentum are conserved.

p= Z(ei/c, p;) = constant

7

L= Z _(Ctpi —€i/cri, T X pi) = constant

i
From the temporal component of L,
€;
Z ctp; — Z . r; = constant.
K2 (2
Since the total energy (> ¢€;) is conserved, we can rewrite above

Y& _ szpi
D€ D€

t + constant,

or
R = Vit+ constant,

where

R:ZQ‘T@' V:CQZPi
€ o€
is the center of mass and its velocity, respectively.

In the non-relativistic limit, where ¢; = m;c?, we find Newtonian center-of-mass
and its velocity:
R:Zmﬂ’i V:ZPi_
>omi > m;

17



1.2.6 Summary

The equation of motion in ordinary vector:

% =f where p= NGy in(z;/c)z. (1.15)
The energy and momentum form a four-vector:
cp = mc®u = (e,cp) . (1.23)
The energy e is expressed using the velocity v,
2
e = JlTEW (1.16)
or using the momentum p,
€= 2¢t + (ep)?. (1.17)
The ratio of the energy and the momentum does not depend on the mass:
cp/e=v/c or cp=¢ev/c. (1.18)
The equation of motion in four-vector:
dep 240 _ K, (1.24)

ds ds

where the interval ds is a Lorentz invariant and it is similar to the proper time:

ds = /(cdt)? — dr - dr = cdt\/1 — (v/c)2.

The four-force K = (K}, K) is composed of the ordinary force f and the velocity of
the mass-point v as

K; = W/ -f K — B S (1.25)

V1= (v/e)? V1= (w/e)?

In case K can be factorized into u and a tensor R, R must be anti-symmetric:

If K,=u,R, then R, =-R,,, R=(P,Q), (1.31)
and K is written with P and @Q as
K—uR_(ut,u)(P,Q)_1<U-P,P+UXQ>. (1.32)
V31— (v/c)?\¢c c
The equation of motion for angular momentum in ordinary vector is unchanged:
%:N, L=rxp, N=rxf. (1.30)

18



1.3 Lorentz Transformation

We consider two inertial frames K and K’ such that K’ is moving at a velocity V
relative to K. In this section, we will use v and 8 defined below for shorthand and
we use them only for the relative velocity between inertial frames, not for the velocity
of mass-point to avoid confusion. We call 8 and ~ normalized velocity and Lorentz
factor, respectively.

1
1= = A-lel B=Ve (1.33)

The Lorentz transformation of a four-vector (z¢, ) from K to K’ is

' =z + () — By, =7z — B x), (1.34)

where x; and | is normal and parallel component of & with respect to 3, namely,

-
r=x +x|, x| = 'B(gz) (1.35)
The inverse transformation is obtained by inverting V', thus 3.
a::a:l—i—fy(ac"‘—l—ﬂx;), v =7z, +8 ). (1.36)
See Appendix B for derivation. Here are some useful identities.
B(B-a) Bx(Bxa)
(axb)H:(aJ_be_), (axb)L:(aHXbJ_)—i—(aJ_xb”). (138)

1.3.1 Lorentz group

Here, we describe a few facts about Lorentz transformation and Lorentz group with-
out proof, just to introduce terminologies such as proper Lorentz transformation and
Lorentz boost.

Lorentz transformation is linear transformation. Let B(v) be linear operator which
transforms vectors in a inertial frame K to another inertial frame K'.

We have already seen that the inverse transformation is B(—v).

r=B(-v)r — B (v)=B(-v).
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However, as we will see in Section 1.3.8, two consecutive transformations can not be a
single Lorentz transformation in general. It must be a combination of a spatial rotation
R(w) and a Lorentz transformation B(v). For example, for given v; and vs, there exit
v and w such that

B(v1) B(v2) = R(w) B(v).

R(w) B(v) is not equal to B(v) R(w) in general, but there exist v’ and w’ such that

Therefore, combination of Lorentz transformation and spatial rotation L = R(w) B(v)
forms a group. We call it proper Lorentz group and L is called proper Lorentz trans-
formation and B(v) is called Lorentz boost. Yet, time reversal T and spatial inversion
P also conserves magnitude of four-vector. When people say Lorentz group, it usually
refers the one T and P included.

Here in this article, when we simply say Lorentz transformation, it refers Lorentz
boost B(v).
1.3.2 Inner product

Let us show that the inner product of four-vectors is a Lorentz invariant. We did this in
another way back in Section 1.1.3. Here, we do it by applying Lorentz transformation.

Suppose two four-vector a = (a¢,a) and b = (b, b). Their Lorentz transformations
are

a/:aL‘{"Y(aH—Bat), a;:/}/(at_ﬂ'a)a
b'=by +~ (b —Bb), by =~(by—0B-b).

The inner product is calculated to be
a-b=dbt,—a -b.
The first term is
ay by, =7 (arby —ar (B-b) = by (B-a) + (B-a) (B-b)). (1.39)

The second term is

a b= a; - b +’)/2 (a” bH — (a” ,8) by — (b” ,6) at—i—BQatbt) . (1.40)
Recalling that
_BBa) ,  BBb)
a = g2 = g
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we find
aj by =(B8-a)(8-b)/, (1.41)
and
Bay=B-a B b=08b (1.42)
Plugging (1.41) and (1.42) into (1.39) minus (1.40), we find

a b =at—a b =aby—a-b=a-b.

The inner product of two four-vectors is indeed Lorentz invariant.

1.3.3 Velocity addition law

We want to find the velocity v of an object launched from a moving station. Suppose
that the station is moving at V relative to the observer, the inertial frame attached
to the station is K’, and the inertial frame attached to the observer is K, therefore K
is moving at —V relative to K’. The object is launched at velocity v’ relative to the
station. The object’s position displacement vector dr’ = (cdt’,dr’) is transformed to
K as follows,

dr =dr'| +v (dri| + ﬁcdt’) : cdt =~ (cdt' +B-dr'). (1.43)

Therefore v is calculated as,

Tedt y(cdt! + B-dr')
ar' v + alri| + Bedt
cdt + B-dr’
v Jey + Uil/C + 8
1+ 8-v/e
v Jey + UTI/C + V/e
1 +V.v/e?

v ldr dr', + 'y(drﬁ + ﬁcdt/)
C

Finally, we find the velocity addition law:

!/ /
v = VLt v (1.44)
1+ V-v/c?
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1.3.4 Velocity

The velocity addition law can also be derived from the Lorentz transformation of the
four-velocity:

u,:d(ct’,r’):< 1 V' /e >
ds \/1— (v'/e)? \/1— (v'/c)?

Assuming the same scenario as in Section 1.3.3. For the spatial component, we have

v/c _ v /e |/ g8 >
V1= (v/c)? V1= (v'/e)? <\/1— (v'/c)? \/1— (v'/c)?

11— (@/e)? / /
v=v,/vy+v)+V, 1.45
T e T 1)
and for the temporal component, we have
(g Ve
1—(v/c)? K \/1—(7)’/0)2 1—(v'/e)?
11— (/e)? ') 2
— | —— =1 . . 1.4
— = (0)0) +V.v'/e (1.46)

Plugging (1.46) into (1.45) yields the velocity addition law:

!/ /
v = VLt v (1.44)
1+ V-v/e?

Similarly, starting from the inverse transformation, we get

i e ()
and vi/y + v -V
v = L17_ V-H’U/62 . (1.48)
1.3.5 Force
Plugging the four-force,
P e 1 v
K = (K|, K') = (//C)<‘f,f>7
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into the Lorentz transformation,

K = K| + 7<K1| + ,BK;),

R 1 H( fl g et >
V1= (v/c)? V1= (v'/e)? V1= (v'/e)? V1= (v'/e)?

Using (1.46), we find

yields

i+ B e f)
F= 1+8-v'/c

It will be more convenient to express f with the velocity measured in the same frame.

We would like to use v instead of v'. Multiplying (1.46) and (1.47), we find

12:<1+g.’“><1_g.”>.
ot c c

Plugging this into (1.49) yields

f = <7f1 + P 72ﬂ<1;/-f’>><1— <ﬁz>>

Using (1.48), above becomes

£=(orne ) (1-(o02)) + 2o (42 5) 7).

After a few lines of calculation,* we get

. (1.49)

f=aare+ (Sar)8 - (2-8)47

c
Recalling that a x (bx ¢)=(a-¢c)b— (a-b)c, we find

f=17f+f + %x (ﬂxvf')- (1.50)

We see that force is composed of two components, P and @ as below.

f:P+%><Q

If we redo the calculation with
!
f/ — P/ + Z % ng
c

we should be able to show that if P’ and Q' does not depend on v/, P and Q will
not depend on v. And we should be able to find the transformation for P and Q.
However, it is a bit tedious to proceed. But it is exactly the case when four-force K,
can be expressed as u, R, as we saw in Section 1.2.4.

4See Appendix C for details.
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1.3.6 Force tensor

As we saw in Section 1.2.4, if four-force K is factorized into the four-velocity of the
mass-point u and a tensor R, R must be an anti-symmetric four-tensor, R = (P, Q).

uR = (ur, u) (P,Q) = (u- P, uy P+ uxQ),

ZW(Z'P’”ZXQ)?
= e A 1) =

Therefore .
f=P+>xQ. (1.51)

In case both P and Q does not depend on v, the Lorentz transformation of R = (P, Q)
will be, from (D.4) and (D.5),

P = P +v(P+8xQ), (1.52)

Q =Q +v(Q-8xP), (1.53)
The inverse transformation of above is obtained by changing the sign of 3.

P = P’H + (P -8xQ),, (1.54)

Q=Q +1(Q+BxP),. (1.55)

Some reader may have noticed that (1.51), (1.52) and (1.53) are basically the
Lorentz force and the Lorentz transformation of electric and magnetic fields. We got
these result without using anything specific to electricity nor magnetism.

1.3.7 Four-gradient

Let’s use a Cartesian coordinate whose x-axis coincides with 3, i.e., B8 = (8, 00).
The Lorentz transformation will be

!/

ct:'y(ct’—i—ﬁzx'), m:fy(m’+5zct'), y=1y, z==z

Lorentz transformation of four-gradient can be found by the chain rule as follows.

0 _wo oo _ (0 0
ox  0x' 0x | ox' ot | \ oz “oct )’
0 0 0 0

ay dy 97 9z
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dct' — dct’ Ox + det’ det
Bringing these back to vector notation yields

;o 10y 190 _ (190 .
v _VJ‘+7<V||+’608t)’ cot ! cat+ﬁv )

0 Oox 0 Oct 0 i+3£
=7 Ooct Y ox

1.3.8 Thomas precession

We would like to find the rest frame for an accelerating particle, namely an electron
orbiting around the nucleus of an atom. Suppose that the particle’s velocity is v at
time ¢t and is vo = v+ Jv at time ¢+ ¢, all measured in the observer’s inertial frame K.
Let K’ be the instantaneous rest frame of the particle at ¢ and K” be that of at t + dt.
We will find the infinitesimal transformation from K’ to K”, which is two consecutive
Lorentz transformations, is composed of not only a Lorentz transformation but also a
spatial rotation of 2. The main purpose of this section is to find the angular velocity
of the rotation, wp = §Q2/dt.

Relation between these three inertial frames are illustrated as below.
K/ —v K v+ov K//
Let us use following normalized velocities and Lorentz factors:

B=v/c, By=(w+Iv)/c, 68=0y—B=0dv/c
1 1

7: m? 72 m?

as well as these:

/ / ! ! :3 ! :6 :
TLET T ’“u:( 5;)7 TLETST) ’"H:( 2%7:).
And we will use followings later.
0
Yo —y =0y = %-55 = 7*(B-08)
- =7+7(8-08) (1.56)

1 1 1 o 1 2(B-4B)
Y i i R T I Gt )

770 (7) a5

1 1 2(8-8
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The transformation from K’ to K is
r=r1) +7 (rh + ﬂct’) : (1.58)
ct=~(ct'+B-7'). (1.59)
The transformation from K to K" is
' =1+ (r) - Byct),
By T
55
ct" =y (ct — By 7). (1.61)

=r+(2—-1)

Let the normalized velocity of K” measured in K’ be 3. Since 63 is small, we
can set the Lorentz factor associated with 63" unity because it is an even function of
53, i.e., there must be no first (odd) order term (terms) in the polynomial expansion.
You can verify this by writing it down explicitly,

1

/1 — 831

The transformation from K’ to K" should include the Lorentz transformation of 63,
we guess the transformation in the form of

1
:1+§6ﬁ’2+... ~ 1.

ct" =ct' -8 -7, (1.62)
" =v' - 563 ct’ + (remainder). (1.63)

We want to know the term, (remainder). The calculation from here is straightforward
but it is a bit tedious. Readers who wants do it by yourself can skip to (1.67).

Now we want to find the coefficients of ¢t and 7’ in (1.62) to first order in 3.
Plugging (1.58) and (1.59) into (1.61) yields

() i (3 (e ).
=727 (1= (B2 B))ct' + 7278 7| — 7128 (r/i + '”fl) ’
=771 = (By-B))ct' + 72787

—28 LBy =08 (v +m)).
0
=727 (L= (By-B))ct' =B (Tl + ’YTD .
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The coefficient of ct’ is,
12y (1= (B2-8) = (v ++7"(B-08)) (1 - 5> - (B-98)),

_ 1 1 _ a2 .
—(1_52+(1_52> (8 w))(l B2 —(B-08)),

=+ 52 (B-08) -

1
-3 (B-68)+ 0O (65%)
This is indeed unity.
The coefficient of 7’ is rather straightforward. That is

(5[;;5)/5,) o

Recalling (1.56), above becomes by taking first order terms only,

3B 72 (7‘1 + wﬂ) =72 <5B +(y—1)

63 -
0B - 72 (T/J_+7T/||> :7<5ﬁ+(’y—1) ( %J”B) .

Finally, we get

ct" =ct' +~ (5;@ +(y—1) ('Bﬁgﬁ) ﬂ) -7l

By comparing this with (1.62), we find
(B-6B)

0B =~ (5/3 +(y—1) 7 /3) =768, + 725/6”,
where 5
0B, =0B—0B), 68 = (%25)5’.

(1.64)

(1.65)

Now we want to find the coefficient of ¢t and 7' in (1.63) to first order in /3.

Plugging (1.58) and (1.59) into (1.60) yields

CRAPR

+(v-1+4°(8-98) ) (52 Q(Bﬁfﬂ)> (8+98)

X (’y (B-7) + Bt + 8- (v, +y(r) — ﬁct’))>
~(v+2*(8-98)) (8+38)7(ct' + 8- 7).

=1+ (7= 1)
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The coefficient of ct’ in zeroth order in §3 must be zero and it is:
1
7ﬁ+(7—1)@,@752—72ﬁ= (Y+y(v=1)=~*)B=0.

The coefficient of ¢t’ in first order in §3 must be —§3’ and it is:

2(8-4B)

1 (8-38) 675 — (1= 1) 2L
+ D58 + (-1 5 08-98)
- Y (B-6B) By — 5B,
(8088 — 1 - 22
+ 96 -158 + 16-1 P
- 7 (B-B)B — 7?08,
=—v@ﬂ+w—nw£mé)=—wﬁ
Terms including ' to zeroth order in 68 must be ' and it is:
-0k -1 L () -2 (0 v).
B-7)

=+ (1-1+7" =) B-7B(B-T),

62
'+ <(72 - 1)612 - 72> (8-7) B,

1-1+8% 1 , ,
< 1—/325 'ﬁ2_72>(ﬁ'r)ﬁzr'

,r/

+
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Terms including 7’ to first order in 63 should be (remainder):

2(3-98) 1

vg(ﬁ-éﬁ)ﬁlzﬁv(ﬁ'r’) - =028y (B 1) + (- 1538181
1 / (,3~T’)
=158 <6B-(r + =155 ﬁ))
— ¥ (B-6B)BY(B ) — BB -7
4 _ _
~ L8885 - 2”(’;4 Yig.sp)B-)8 + WBQ Yg.r)sp
_ o 2
+ 20108 + 4l 541) (68 B)(B-1)B

= 7'(B-98)(B-1)B — (B -1)oB.
The coefficient of (3-63)(3 - r")3:

2= (=17

[EZEE gt 7
_ (512_1> N —272+2y;472—27+1
3 ) prh e
The coefficient of (3 - r')53:
Mot = Tt = (1) - - T

The coefficient of (63 - /)3 is (y — 1)/8? and this can be written using v only:

y—1_  4*-1 _< 1 1) I
g P+ \1-p By+1)  y+1
Therefore (remainder) is, noting that axbxc = (a-¢)b — (a-b) c,
2 2

72 / ’ " / o Y /
ﬁ« -68)B — (r -,6')65) = g Bx8 =~ Bx a8k (167)

This represents the displacement of an infinitesimal spatial rotation, —d§2 x 7/, where

2 2

v ¥¢ v X v
0N = 03 = -
ST PROPE A

29



Recalling that dt is the time for the particle to accelerate from v to v + dv in K. The
angular velocity wr is

. o2
wr = lim —
r 5t—>0 ot
v ov v ¥ wvxa

= lim — X — = 1.68

§t=0 y+1 ¢ cdt ~y+1 2 ( )
Note that ~, v, and a are all measured in the observer’s frame K while 6€2 is a vector
in K’ and that this rotation is relativistic effect since wp vanishes as ¢ — co. When
the particle’s velocity v is small compared to ¢, i.e., v K ¢, v ~ 1,

vXa
2¢2

wrp o~ (v<c)

The particle’s rest frame rotates at the instantaneous angular velocity wr. The pre-
cession associated with this rotation is called Thomas precession. This is essential for
full understanding of Zeeman effect. [6, 7]

Finally, (1.62) and (1.63) becomes
ct" =ct' =68 -7, (1.69)
" =7 —63 ct' — 5 x 7. (1.70)
We can rewrite above using B and R introduced in Appendix 1.3.1.
" = B(68 ) R(Q) ¥ + O(8?).
where

68 (ct', v') = (ct' =08 7', v =68 ct')
Q) (ct', ') = (ct', ¥ — 62 x 7).

B(63)r =
r/

B
R(Q)F =R

B and R commutes for infinitesimal transformations, although they does not in general:

B(63')R(692) = R(02)B(63") + O(6%).

Recalling that transformation from 7’ to r” is also B(3 + 63) B(—8), we find that
two consecutive Lorentz transformations is equal to a spatial rotation followed by a
Lorentz transformation or a Lorentz transformation followed by a spatial rotation:

B(8+08) B(—B) = B(68") R(692) = R(6%2) B(68").

30



Appendix A Derivation of (1.13)

(1.13):
d__ 1 _ v d v (1.13)
AT (fep ¢ AT (ojep |

The right hand side is
v d v/c _ v dv/e 1 N <E>2i 1 (A1)
A I-@er e At \i-@ep | Ve di-@r

Noting that

dvg_d'vn; dv

T a

(A.1) becomes

v d v/c 1 1 d(v/c)? v\2 d 1
U@y T 2 A (%) & izwor Y
Now

vy 2\ 2 d(v/c)?
jt\/ﬁ N ;<1 (c>2> dt

By multiplying (1 — (v/¢)?) to both sides and exchange left side and right side, we find

v C2 v
% 1 —1(1)/6)2 d(d/t) N <1_ <C)2> %;

1—(v/c)
Inserting this to (A.2) yields (1.13).
v d v/c B (2 d 1 v\2 d 1
c dt \/T—(vo? (1 <c) >dt = (c> dt /1= (v]c)?’
d 1
dt \/T=(v]c)?
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Appendix B Lorentz Transformation

In this appendix, we will derive the Lorentz transformation in 5 different ways, 1)
wave equation, 2) constancy of the speed of light, 3) rotation analogy, 4) symmetry
and transformation group, 5) vector notation. In the first four derivations, we consider
only linear transformations of time ¢ and a one dimensional spatial coordinate x. Jus-
tification for this will be provided in the forth derivation, Appendix B.4. For the final
derivation, we will use three dimensional vectors for spatial coordinates.

Let’s consider an inertial frame K with coordinates (ct,x), and another inertial
frame K’ with coordinates (ct’,z’). Suppose that K’ is moving at velocity V relative
to K and the origin of K’ coincides with the origin of K at ¢t = 0. A trivial condition
is that a point x = V't is transformed to 2’ = 0. Therefore, the transformation for x
can be written as

¥ =a(x—(V/c)et).

Here, we will treat ct as a single symbol to ensure it has the same dimension as x
(length). Now, we have only one parameter « for the spatial coordinate. For ct, we
introduce two parameters 8 and ~y, as follows:

ct' =~ (ct — Bx)

Our task is to find three parameters, «, 5 and -, under the given conditions.

B.1 Wave equation

We require that the condition that the wave equation
19 9
2otz o9x2

is invariant under a coordinate transformation

¥ =a(x—(V/e)ct), ct' =~ (ct — Bx), (B.1)

where V is the velocity of K’ relative to K. The first term of the wave equation
transforms as

ok 0 <8ct’ o  ox 6)

92~ et \ et D! | Dt 0

_ (0N P (0aINE 2 (Ot (02T & (B.2)
~ \ et ) Oct? Oct )] 0x'? Oct Oct ) Oct' Ox' '
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The second term of the wave equation transforms as

0? 0 <8ct’ 0 oz’ 8)

922~ 9z \ 0z oct! 0z 0/
dct'\? 02 ox'\? 02 oct'\ [0z 02
= == 2 =)= B.
<8x> act/2+<8a:> 81‘/2+ (0:U> <8m> det’ Oz (B-3)
Here from Egs. (B.1),
Oct! oz’ Oct! ox'
(801&) = <8t> =—aV/e (m) =75, <ax> -«

For the wave equation to be Lorentz invariant, we require Eq. (B.2) minus Eq. (B.3)
becomes

0? 0? 0? ok

dct? 922 dct? 9z
In other words, we require the coefficient of 92/0ct’?, 6% /0™ and 0?/0ct'dz’ to be 1,
—1 and 0, respectively. That is

-2 =1, o®(V/e)?—a’=—1, —vaV/c+vBa=0.
The solution is ]
_ 2 2
B=V/e, v =a" = e

Because we want the transformation to be the identity when V' = 0, we take positive

values for both a and 7.
1

1= (V/e)?
B.2 Constancy of the speed of light
We begin with transformation of (cdt, dx).
dr' = a(dx — (V/e)cdt), cdt’ =~ (cdt — Bdz).

We want to find «, 3, v which keeps the interval (cdt)? — (dr)? constant. They are
calculated as follows:

(cdt')? =2 ((cdt)® + B* (dz)* — 2 Bedt dz)
(dz')? = o? ((al:z:)2 + (V/e)? (cdt)? — 2(V/c) cdt dx) .

The interval in K’ is

(edt')? = (d2')? = (v* = @2(V/¢)?) (cdt)? — (o = 4*5%) (dx)?
+2(=v*8+a?V/c) cdt dz.
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This must be equal to the interval in K, (cdt)? — (dx)?. Therefore
V- (Ve =1, o =98 =1, —*f+a’V/e=0.

The solution is 1
_ 2 2
ﬁ = V/C, Y=o = 1—7/82

Because we want the transformation to be the identity when V' = 0, we take positive

values for both a and ~.
1

1= (V/e)?

B.3 Rotation analogy

In a 2-dimensional vector space, it is rotation that keeps 2 + y? constant.

'\ _ (cos® —sinf\ (z

y' )] \sinf cos@ y
Here, we want to find a transformation that keeps (ct)? — 22 constant. Let’s consider
the following transformation.

ct coshf sinh@\ [ct/
<x> N (sinhﬁ cosh0> <x’> (B.4)
One can easily verify that this transformation indeed gives (ct)? — 22 = (ct')? — 2/2.

Let (ct,x) be the coordinate of the origin of K’ in K. Since the coordinate of the
origin of K’ in K’ is (ct’,0),

ct\  [coshf sinh@\ [ct’
) \sinhf coshé 0)°

ct = ct' coshf, x =ct'sinhé

Therefore

Since O’ is moving at V in K, i.e., V = z/t,

V =z sinh 6
¢ ¢ coshf tanh 0
Recalling that cosh? @ — sinh? 0 = 1, we find
coshf = B S sinh § = tanh 6

V1 —tanh29, V1 —tanh29.
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Therefore ) v
cosh = ————. sinhf = /c

1= (V/e)* ViI=(V/e?

Inserting these to Eq. (B.4),

(ct) _ 1 ( 1 V/c> (ct’>
x 1= (V]2 \V/e 1 ')
The inverse transformation will be
<ct’> B 1 ( 1 —V/c) <ct>
') 1= (V2 \=V/e 1 x )’
B.4 Symmetry and transformation group

B.4.1 Introduction

In this appendix, we derive the Lorentz transformation by considering the symmetry
of spacetime and transformation group. It was constancy of the speed of light which
brought the idea that time must be transformed along with the spatial coordinates.
Once we accept this idea, we can demonstrate that the transformation from one iner-
tial frame to another is either a Lorentz transformation or a Galilean transformation,
based on a few assumption of space, time and the transformation itself. Those are 1)
isotropy of space, 2) homogeneity of space and time, 3) the transformation forms a
transformation group. [8, 9]

The outline of the derivation is as follows: We first show that the transformation is
linear and separates into (¢, z) and (y, z) coordinates from the isotropy of space and the
homogeneity of space and time, both of which were implicitly assumed in the previous
derivations in this Appendix. Then, the reciprocity of the transformation and combined
transformation are applied to determine the matrix element of the transformation. The
resulting transformation includes an arbitrary parameter K, which is identified as 1/c?
for the transformation to be the Lorentz transformation.

B.4.2 Derivation

Consider a Cartesian coordinate system S’ moving at a velocity v relative to another
Cartesian coordinate system S. Suppose that the z, y, z axes of S and the 2/, 3/, 2/
axes of S’ coincides at t = 0 and the transformation of spatial and time coordinate
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(t,z,y,2) of S to spatial and time coordinate (¢',2',y’,2’) of S’ is written as follows:
t'=T(t,x,y,2;v),

X(t,z,y,zv),

Y(t,z,y,20),

Z(t,xz,y, z;v).

'
X
/
Y
'
z

The transformation should be the identity when v = 0.

T(t,z,y,20) =t,

X(t,z,y,20) =z, (B.5)
Y(t7 x? y? Z’ O) = y7
Z(t,x,y,20) =z

From the isotropy of space, the directions of axes are arbitrary as long as they are
orthogonal each other. However, since we set the direction of relative velocity v to
z-axis, we only consider rotations that will not alter the direction of z-axis. If we
rotate the y and z axes of S around the z-axis by 6, the coordinates of a point (z,y, 2)
will become (z,ycosf + zsin @, —ysinf + z cos#). The same thing can be said for S’.
Therefore

T(t,z,ycosf + zsinh, —ysinf + z cos O;v) =t/
X(t,z,ycosf + zsin@, —ysinf + zcos O;v) = 2’
Y (t,z,ycosf + zsin@, —ysin @ + zcosf;v) = 3/ cos @ + 2 sin 0,
Z(t,z,ycosf + zsinf, —ysinf + zcosf;v) = —y' sinh + 2’ cos .
In case 6 = 180°,
T(t,z,—y,—z;v) =t
X(t, o, —y,—z;v) =2/, (B.6)
Y(t,z,—y,—zv) = —y,
Z(t,x,—y, —z;v) = —2.

Now, let’s consider a rotation around the z-axis. This time, we can only perform a
180° rotation since we don’t want to alter the direction of the z-axis. If we rotate the
x and y axes of S around the z-axis by 180°, the coordinates of a point (z,y, z) will
become (—x, —y, z). The same can be said for S’. This time, the z-axis got inverted,
the velocity v must also be inverted.

T(tv —Z, Y,z —’U) = tlv

X(t,—z,~y,2;—v) = -2/, (B.7)

Y(t7 —Z, =Y,z —U) -

Z(tv —Z, =Y,z _U)



From the homogeneity of space and time, all functions have translation symmetry. For
example, for two time points t5 and tq,

T(to,x,y,z) — T(t1,x,y,2) =T(te + t,z,y,2) — T(t1 + t,z,y,2),
for any t. Rearranging above yields
T(t1+t,z,y,z) —T(t1,x,y,2) =T(ta + t,x,y,2) — T(te, z,y, 2).
Since this is true for any ¢; and 9, 7' must be a linear function of ¢.
nT(t) = at + const.

The same applies to all coordinates (¢,z,y, 2) and functions (7', X,Y, Z). Therefore,
the transformation is linear and it can be written in a matrix form as follows:

t a (V) ag(v)  ay(v) an(v)\ [t
| aat(v) aze(v)  agy(v)  az:(v) x
Y ayt(v)  aye(v) ayy(v)  ay.(v) (Y
Z (V) ap(v) azy(v) a.(v) z

Q

(V) ary(v)  ap(v

(v) ) aiz(v)
| | aat(v) ae(v)  amy(v)  az:(v) x
-y ayt (V) aye(v)  ayy(v)  ayz(v) -y
—2 az(v)  au(

By comparing the above two expressions, we see some of coefficients must be zero.

)
)
V) azy(v) asx(v) —z
)
)

t aw(v)  ag(v 0 0 t

| | an(v) ag.(v 0 0 x

Y 0 0 ayy(v)  ay:(v) Y

2 0 0 azy(v)  azz(v) z

From Eq. (B.7), we have

t aw(—v) G (—v) 0 0 t
2| _ | an(—v)  aga(—v) 0 0 —x
—y 0 0 ayy(—v)  ayz(—v) -y
2 0 0 azy(—v)  az(—v) z

By comparing the above two expressions, we see that
Ayy (V) = a2 (V) = ayy(—v) = a.:(—v),
ayz(V) = azy(v) = ayz(—v) = azy(—v) =0,
ar(—v) = au(v),  aw(—v) = —aw(v),

azt(—0) = —a12(V),  Gpe(—V) = aze (V).
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Recalling that S’ is moving at v along the x-axis of S and the origin of S’ coincides
with the origin of S at ¢t = 0. That is, when x = vt, then 2/ = 0, or

7 = a) (x —ovt),

where
a(v) = a(—v) = azz(v)
Therefore
az = —va(v)
Let’s say
ap(v) =7(v), () = =(V)C(v), ay(v) = a..(v) = ¢(v).
We see
V() =7(=v), —y(v)¢(v) =v(=v)¢(—v),
((v) = —=C(v), @(v) = d(—v),
and

' = () (t— ((v) ).

Now we can write the transformation in two 2-dimensional expressions.

()= (s () ()-8 0) () o

Let’s assume the reciprocity of the transformation. That means the transformation
from S’ to S moving at velocity —v relative to S’ will be

()= (et G G) (@) =05" o) ()

Recalling that a(v) = a(—v), y(v ) v(=v), ((v) = —=C((—v), ¢(v) = ¢(—v), we find

()= G 5 () ()= (0 o) (2)

Plugging these into Egs. (B.8), we find (omitting (v) for shorthand)

<—i< _§a> <va< Uf) - ( > > ( > - <é (1)>

Therefore

o —vay(=1, va®—vay=0 —= a=~, V¥ (1-0v() =1, (B.9)

=1 — ¢==l (B.10)
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The transformation should be the identity when v = 0, (Eq. (B.5)), we should choose
¢ = 1. To summarize what we got so far,

D0 )0 G690

Now we require that two consecutive transformations yield the same class of transfor-
mation. That is

" (—<1<u> _1u> " (—41@) _10)_”(“)) <—<1<w> _1w)'

Proceeding with the calculation yields

@10 (LSt 1) =1 (1) @

From the diagonal elements,

V(W) y(v) (T +ul(v)) =v(w), y(u)y(v) (1+v(u) =~(w),
= 14ud(v) =1+v(u) =~y(w)/y(u)y(v),
= () =vl(u) = ((v)/v=_((u)/u,

we see that ((v)/v is constant because ((v)/v = ((u)/u for any v and u. Let’s say
((v)/v =K. From Eq. (B.9),

()2 (1— v () =1 !

A s

Therefore, the transformation, Eq. (B.8), becomes

D e DO G-C0E) e

From Eq. (B.11),

1 u—+v
l1+uvK TltuvK | _ 1 ( 1 —w>'
V- @2K)(1 - v2K) | _(utv)K 1 VI— 0K \—wK 1

1+uvK
Now the inverse of the forefront factor of above is
V(1 —u2K)(1 — v2K) _\/1+u202K2—(u2+v2)K
1+uvK 1+u2v?K?2 +2uvK
\/1+u202K2+2uvK—(u2+02+2uv)K
- 1+ u202K2+2uv K '

_ i (u+v)2K
N (1+uvK)?
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Therefore
U+ v

T ltuvK

In the case where K = 0, above becomes Newtonian velocity addition law.

w (B.13)

w=u-+"uv
In the case where K > 0, Eq. (B.13) becomes the relativistic velocity addition law with
K =1/c.

o utv
1+ uv/c?

()= s Lo )0 (-6 D)

or using ct instead of t makes the matrix symmetric and the both element of the vector
have the same dimension.

() -7 e 1)) ()61 ()

B.5 Mermin’s derivation of velocity addition law

w

Finally

Mermin [10] demonstrated the way to observe the violation of classical velocity addition
law, and derived the relativistic one without using the constancy of the speed of light.
In this case, it does not have to be light; any object fast enough can demonstrate
the violation of classical velocity addition law. Mermin’s derivation also includes an
arbitrary parameter K, which is also identified as 1/c?.

B.6 Vector notation

Let’s consider an inertial frame K with coordinates (ct,r), and another inertial frame
K' with coordinates (ct’,r’). Suppose that K’ is moving at velocity V relative to K
and the origin of K’ coincides with the origin of K at t = 0 and ' = 0. One trivial
condition is that a point » = V't is transformed to ' = 0. From the homogeneity of
space and time, we see that the transformation must be linear. From the isotropy of
space, we see that vector components parallel to V are scaled differently than vector
components normal to V. Therefore the transformation should be written with real
parameters 1, «, v, (,

r/:n<1—ﬂ(ﬂ')> (r—,@ct) + aﬁ(ﬂ')(r—ﬁct>, ct’zy(ct—{mr>,

B2 pB? B
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where we used 3 = V' /c for shorthand. Note that

B(B-)
32
is a projection operator which projects a vector onto the direction of V.
BB) _B{B-r
CEE

Proceeding with the calculation yields,

r’:n<1—ﬁ(ﬁ'))r + a(W—ﬂct>, ct’:y(ct—g(ﬁ'r)),

B? B2 B
or
r=nry + a(ry—Bc), ct’:’y(ct—c(ﬂﬂ'r»,
where 8(5) B(B-7)
: o
’l"L:<1— BQ >’l", ’I’HZT.
Now we invoke the condition that interval is invariant, (ct')? — (r')% = (ct)? — r2.
(Ctl)Q _ ,}/2 ((Ct)g + CQ (IBB;)2 —2¢ct( (/Bﬁr) ,
B-r)? 8-
:72(Ct)2+72<2( 5;) —20tfyz§( 67'),

2
(r)? = n*r? +a? ('r” - Bct) ,

2
=1’ (r—ﬂ(ﬁ'r)> +arf +a?B(ct)? — 2cta® (B 7).

32
2
=a?8%(ct)? +n*r? + (a2 - 172) (B 27') —2cta’B (B-7)
B B
To make (ct')? — (r')? equal to (ct)? — r2, we want
Y-l =1 =1, AP -’ =0, 4 -a’8=0 (B.14)
From the last equation, we find
2
LY

g
Inserting this and n? = 1 into the first and the third equations of Eqgs. (B.14), we find

B=1- 712 V2B (1 CB) = B2
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Inserting the first equation to the second, we find

1
2 _ _ 2 _ .2 2 __
7_1_B27 C_/Bv a_’Yv 77_1

Since the transformation has to be the identity when V' = 0, we choose positive values.

1
V= , a=7v, n=1L1
V1— 32

Finally the transformation is

r'=ri + y(r)-Bet), ' =y(ct-(B-T)),

where

BB . B
g PEVie 7=y

ru=(r-m), 7=

Appendix C Details of (1.50)

We start from this.

£= () (1-(82)) + (4% -5)-7)

The first term,

('Vfl + 72f’> <1 - ([3 : :)) =fL ) - (ﬂ : :)ﬁl - <[3~ Z)VQfﬂ,
= fL ) - (ﬁ : Z)’Yf’ - (ﬁ : :) (v =) £

The second term,

»y?ﬁ((”c/'ui”—B) ~f’> =




Adding them together, noting 2(1 — 8?) = 1,

f=aare+ (Gar)8 - (2-8)47
Usinga x (bxc)=(a-c)b— (a-b)c, we find
f= )+ af + = x (8> 7s): (1.50)

Appendix D Vectors and tensors

We follow the notation used in the Feynman’s Lectures on Physics [1].

D.1 Vectors

We use following notation for ordinary vectors. We use i, j, k, ... for index x, y, z.
a=a;=(a, ay, a.)
Below is inner product of ordinary vectors. Summation rule® applies.
a-b=ab; = azb, + ayb, + a.b,
We use following notation for four-vectors. We use pu, v, p, ... for index ¢, z, y, z.
a=(as,a)=a, = (at ay Gy az)
Below is inner product of four-vectors. Summation rule applies.

a-b=(a,a)- (b b),
= auby,
= Cbtbt —a- b7

= a¢by — azby — ayby — a.b,

D.2 Tensors

Direct product of two vectors is called second-rank tensor.
Ty =aub,

A vector is a first-rank tensor. There are third and higher rank tensors, but we will
not use them. Here we talk about second-rank tensors. In fact, we only need a special

SWhen a term has a repeated index, sum them over the index. Like shown in the text.
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type of tensor: anti-symmetric tensor. That is covered in the next section. Readers in
a hurry can skip this section and go to D.3 directly.

It appears a linear combination of those direct products is also a tensor.
T;w = Z Qn, bn,l/
n
A tensor whose 16 elements are given can be represented as follows.

Tp,l/ = E ﬂm €lumy
Ilm

where [ and m are one of ¢, z, y, z and ¢, is the base unit vector:
etpy=(1 0 0 0), ep=(0 1 0 0),

We take usual sum for [ and m. Four-vector summation rule only applies to u, v, ...
Therefore, inner products are calculated as follows.

Uy €ty = Ut €ttt — Uy Ct gz — Uy €ty — Uz €tz = Ut,

Uy Cxpy = Ut Expt — Uy Ex g — Uy €y — Uz Ex » = —Ug,
Up Cy,p = Ut Cyt — Uz Cyx — Uy Cyy — Uz Cyz = —Uy,
Uy €xp = Up €sp — Up €50 — Uy €5y — Uy €5 5 = —Us.

Giving four-vector wu, to T},

ulIT/J,V = E Uy €], Em,v Tim

im

= Z €lLu (UV Etv Ty + uy €x,v Tz + uy Cy,v T‘ly + Uy ez T’lz) )
l

= g el,u(utﬂt_uxﬂx_uyﬂy_uzﬂz)a
l
=t Tyt — g Tpg — wy Ty — uz Ty

Similarly,

Ty uy = Tppug — Tppug — Ty uy — Tz uz,

Ty = w Ty — vy Ty — uy Ty —uy Ty
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Scalar product:

TMZ/UMV = Z ,Tlm €lumy Z Ul’m’ €I m’ v,

U'm/

Ilm
= E E Ty U €L €l emy Em' vy

Im U'm/

= Z E Tim Urm €lLu €l yulmy (et,u +exyt+eyy+ ez,u) ,
Im U

= Z E Tim Urm €lLu €l u (5tm — Ozm — 5ym - 6zm) ,
Ilm 4

= Z ,Tlm Ulm (5751 - 5.Z’l - 5yl - 5zl) (5tm - 6xm - 5ym - 5zm) . (Dl)

Ilm

D.3 Anti-symmetric tensor

An anti-symmetric tensor is a second-rank tensor whose component flips its sign when
its index order is flipped, as follows.

A =—-4,,
It has six independent components.
0 Atm Aty Atz 0 _Azt _Ayt _Azt
A — Aa:t 0 Axy A;Bz — A;Bt 0 _Ay;v Aa:z
W= Ay Ay 0 Ay Ay Ay 0 —A,
Azt Azz Azy 0 Azt _Amz Azy 0

Let us work on the case when it is written with two four-vectors as below.
Ay = aub, —ayby,

Because any anti-symmetric tensor can be written with a linear combination of these,
extending below discussion to general case is straight forward.

D.3.1 Two ordinary vectors

p = (Az Ay Ay) forms an ordinary vector because it is linear combination of two
ordinary vectors (or linear combination of those).

b= (Axt Ayt Azt)

= (axbt — atbx aybt — atby azbt — atbz) N

:(aa3 ay az)bt—at (bz by bz)a
:abt—atb
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qg = (A, Az, Ay,) forms an ordinary vector too, because it is vector product of two

ordinary vectors (or linear combination of those).

q= (Azy Arz Ayr) ;
= ((azby —ayb;) (azb, —azby) (ayby — amby)) ,
=—axb

We use (p, q) to represent an anti-symmetric tensor A = AW.

0 Pz —Dy Dz

Dz 0 qz q

,q)=A=A4,, = Y
(p Q) iy Py 0 de

Dz _Qy qx 0

When both a and b are polar, p is polar and g is axial.

(D.2)

Note that, in our notation, when it is a pair of a scalar and an ordinary vector such
as (at,a), it is a four-vector and that when it is a pair of two ordinary vectors such as

(p, q), it is an anti-symmetric tensor.

D.3.2 Linear map

Giving a four-vector w to an anti-symmetric tensor A yields a four-vector. We write

this as follows.

wA = (wi, w) (p, q) = wy Ay

t, x, y, z components are, respectively,

wy Ay = WAy — WAy — wyAty —w, Az,
=Wy Py + WypPy + WP =W - P,

Wy Agy = WAyt — WeAgz — wyAzy —w; Az,
= Wt Py + Wy ¢z — W, qy,

Wy Ay, = WAy — W Ayy — wyAyy —w. Ay,
= Wt Py + Wz Gz — Wz Gz,

wy Az, = wiAz — we ALy — wyAzy —w,A,

= WPz + Wg @y — Wy Gz

Therefore

WA = (wtaw) (p,q) :wVA;w = (w'p, we P+ w X q).
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D.3.3 Lorentz transformation

Let us use a Cartesian coordinate whose x-axis coincides with 3, i.e., B = (85 00).
The Lorentz transformation of a and b is, respectively,

alx:’Y(aaﬁ_ﬁrat)> a;/:aya a;:am a:f:’)/(at_ﬁmax)a
and
b;::’Y(bx_ﬁxbt)y b;:byy b/z:b27 bgz')/(bt_ﬁxbr)'
FOI' p = (A:Et Ayt Azt)a
Py = Ay = ayby — aby,
= 72 (az — Bz at) (bt — Bz b)) — '72 (ar — By ag) (by — Bz by) ,
= (1 = B7) agby — (1 = B2) arby = azby — ashy
= Axt = Pz,
p; = A’yt = a’ybé — a;b’y,
="7ay (bt - B.T b$) - (at - B:c az) byu
=7 (aybs — atby — By ayby + By azby)
=7 (Ayt — Be Aym) = 'Y(py — By Qz) s
plz = A,,zt =7 (Azt + Be A:ch) =7 (pz + Be Qy) .

Similarly, for g = (A.y Azz Ayz),
q; = A/zy = Azy = (qz,

q; = A;:z =7 (sz + Bx Azt) =7 (Qy + Ba:pz) )
.= Ay = (Aye — B Ay) =7 (2. — Bey).

To convert these to the vector notation, we need to recover missing terms. For example,
when z component has term £, g,, we need to add —f, g, to make it a vector. Then,

pi=p, PL=7P+Bxaq),, (D.A4)
d)=aq, d.=v@-Bxp), . (D.5)

The inverse transformation can be obtained by inverting the sign of 3.

p =p), pL=7(-Bxd),, (D.6)
q =g a.=7(@+8xp), . (D.7)
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D.3.4 Dual tensor

We see symmetry between p and q in their Lorentz transformation ((D.4), (D.5)), i.e.,
following substitution will give the same Lorentz transformation.

P~ 4q q — —p. (D.8)
Therefore, A = (g, —p) gives the same transformation for p and q as A = (p, q).
0 _(()]x %y 4
A=lg-p=Aw=| 5 7 (D.9)
¢ Py —Pz O

Dual tensor is valid only under “proper” (not inverting) coordinate transformations,
since we are substituting polar vector with axial vector, vice versa.

Note that if you regard p as the x-axis and q as the y-axis, (D.8) can be regard as
90 degree rotation.

D.3.5 Scalar
Using (D.1), we find

1 1
5 A,uz/ A,uu = _p2 + q27 Z A,LW A,uz/ =—-P-q. (D.lO)

When p? = ¢?, it is true for any inertial frame. When p - ¢ = 0, you can always find a
inertial frame where either p = 0 or g = 0.
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