NF i, and base resistance of BJT

skimu@me.com

January 8, 2019

Abstract

A detailed derivation of NFy,;, formula for emitter common amplifier, which is
widely used as RF preamp, is demonstrated. A lot of text books on RF design explains
NFpin formula by adjusting input network or bias current. They are adequate for those
who use discrete devices or does not have access to IC design. In this design note, we
will derive NFy,i, formula by finding optimum size (either emitter area or number of
parallel devices) for a given DC bias current density. In this way, we can keep the gain
and the band-width of the amplifier constant. As the result, NFy, is a sole function
of g1y and fr.



1 NF,;, and base resistance

1.1 Emitter common amplifier and its small signal model

The circuit we will analyze today and its small signal model is shown below.
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Viias maintains DC collector current density (collector current divided by emitter area)
and it is usually come from replica circuit. r; is the load which is usually the input
impedance of the next stage through matching network.

The small signal model for the BJT consists of g, 7y, 7 and .. The transconduc-
tance g, is equal to I./v; where I, is the DC bias current and v; is the thermal voltage
(kT'/q). Emitter resistance re is usually metallic (PTAT) and it is usually small and
negligible. However when you use the device at very high current density, the effect
would become visible. We include this to see how it affects the performance. For exam-
ple, gm7e is the ratio of the voltage drop across r. and the thermal voltage (v;) and we
will see effect of 7, when this number gets something like 0.1 or 0.2. Smaller devices in
finer process technology tend to have relatively large g,,7.. We have embedded ¢ into
Tx, 1.6., T iS not pure resistance but has reactance component, and we call resulting
beta as complex beta:
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where 7 is the inverse of transition frequency 7p = 1/wp = 1/2xfr and [y is the
DC current gain (the ratio of collector current and base current). The base-collector
capacitance (c,) is small compared to cp. and we take the effect of it as slightly larger
che (Miller approximation). Base resistance is come from metal and contacts as well
as silicon and its characteristic is mixture of these. There is r, in between v, and v,,.
gmTo is equal to V4 /vy, where Vy is the early voltage of the device. We assume g7,
is very big compared g,,r; and ignore it.

Usually, Gy is in the order of 100, g7y can be anywhere 0.1 to 10, depending on
process technology and DC bias current density, it gets larger at higher current density.
gmTe is can be anywhere negligible to somewhere around one. g,,7, is usually well more
than a thousand.



1.2 Transfer function and input impedance

Equation for node v,, v, and v, is respectively,
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Following substitution makes it easier to solve this equation:
VX = Uz, Uy = Uy — Uy.

Therefore

Vo = —gmT1 Vv,
B 1
© 14 gmre + (g7 + gmre) /B(s)
Transfer function Ay = v,/v; is calculated as follows:
gmTl
L+ gmre + gm(re +13)/B(s)’
gmTi 1

L+ gmre + gm(re +10) /B0 1+ 53 - 1+ng6+gi(TW6)/ﬁo '
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From here, we assume that g,,7. is very small, i.e., the transistor is operated at rela-
tively low DC bias current density. Let’s insert g,r. = O:

AV — gmTl _ gmTl . 1
1+gm7"b/ﬁ(3) 1+gm7nb/ﬂ0 1+3%‘m
Recalling that g, is much smaller than (y:
1
Ay ~ — —,
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Note that g,,,r; is equal to I.r;/vy, which is DC voltage across 7; in the unit of v, if 7
is a resistor.
Input impedance (z;) is

Zi=Tp+ 1y = (ngb + ﬂ(s))/gmv

_ gm0 1+ $gmre7s/(Bo + gmry)
Im 1+s73 '

This is about (y/gm at low frequencies and r, at high frequencies. Recalling that
77 = 78/ B0 and that 7 = cpe/gm and noting that 3y is likely much larger than g,,r:
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1.3 Noise sources

Each resistance or conductance has at least one noise source, thermal noise. There
may be another noise source. That is flicker noise. However we will ignore it because
we know that flicker noise is not significant in most cases when we use this amplifier
as RF preamp. Each noise source is modeled as a current source in parallel with the
resistor associated with it. But we do not know the amount. The only thing we know
is power spectral density. We denote power spectral density of noise source iy as <Z?V> s
or (i N> The former is with ordinary frequency [A?/Hz] and the latter is with angular
frequency [A?/(rad/s)]. Although we do not use angular frequency in the following
discussion, angular frequency is sometimes more convenient than ordinary frequency,
and the relation between these two is <Z?V>w = <Z?V>f /2.

To find the contribution of a noise source iy, we first find transfer function Z(s)
from the source (iy) to the output node (v,), with all other sources set to zero.

Z(s) = vo/iN-.

The contribution of the noise source 7y is calculated as follows.

2 ) 2 /.2
(va); = 1Z (@2 f)I” (inv),
Since noise from different resistance or conductance are independent each other, we
can simply sum up to find total noise spectral density.
There are four noise sources in BJT. The first is collector current noise i., which is
in parallel with g,,,. Its spectral density is proportional to the DC bias current:

Next will be base current noise i, which is in parallel with r;. Its spectral density is
proportional to the DC bias current as well.

4kT g
K m
2y, =2ql, =
< ﬂ>f 200
The third is base resistance noise, which is in parallel with r,. Its spectral density is
<i2 > _ 4kT _ 4k:Tgm.
Iy ImTh
The last is emitter resistance noise, which is in parallel with r.. Its spectral density is
2 4kT  4kT g,
</Lre >f = = .
706 gmre

There must be noise source associated with r, but since r, is very large compared to
other resistances we can ignore it.

4kT g, is baseline noise amount and 1/2, 1/208y, g7y and g, 1y are called the noise
factor of each noise source.



1.4 Input referred noise

Set v; to the ground and calculate contributions for each noise source (ix) to the output
(vo) and sum everything up. The input referred noise is noise spectral density at the
output referred back to the input, i.e., divide by |Ay|?. Here we set r. = 0.

Base resistance Place current source iy in parallel with 7,. Spectral density of
base resistance noise is <z%\,> ;= 4kT /ry. Equation for node v, and v, is respectively,

. Vg = Ug Vo
in+t—+—=0, gmus+—=0.
Ty Trn T
Therefore
Vo =Tp iN Av.

Spectral density is

. 4kT
<Ug>f - 7“2 <Z?V>f ’AVP = T *ImTp ’AVP-

m

Base current Place current source ¢y in parallel with r,. It is the same place as in
rp, since we set v; to the ground. Therefore the transfer function is the same as above.
Spectral density of base current noise is <ﬁv> ;= 2qIp = 2kT g,/ Bo. Therefore

4kT (gmrb)2
9Im 280

This is very small compared to base resistance noise. (g7 < o)

<U§>f = TZ% <l%\7>f |AV|2 = ’AV|2'

Collector current Place current source i between collector and emitter. Spectral
density of collector current noise is <z?\,> = 2ql.. Equation for node v,:

Yo +1inx = 0.
T
Therefore
Vo = —iN T1.
Spectral density:
: 4kT  (gmr1)*
<U§>f = <Z%V>f 7"l2 = 2ql. Tl2 = 97 ) m2 .

Load resistor Since load resistor is input impedance from the next stage, noise
from it belongs to the next stage.



Total noise In the end, total noise spectral density on the output is sum of base
resistance noise and collector current noise.
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We have used the fact that Gy > 1 in the last formula. The first term is from collector
current and you have to have this to get transconductance. Note that input referred
noise does not depend on 7; or the gain of the amplifier. This can also be written as

follows.
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1.5 Noise figure

To take source noise into account we can put equivalent
v; noise resistance in series, i.e., substitute r5 + 7 for rp.
is often the same as source impedance.

1 9m (Ts Tb)Q
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Noise figure F' is the ratio of input referred noise and source noise:
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We see that there is an optimum rg for a given operating condition (g, and rp) or
an optimum transistor size for a given rs and collector bias current density. Here, we
would like to find optimum transistor size! N for a given ry while keeping collector
current per unit size J, constant so that we can keep fr (bandwidth of the amplifier)
constant. g, and r, can be written as a function of NV as follows:

gm:N’JC/Ut’ Tb:p/Na

where p is unit base resistance at collector bias current density J.. Note that gp,r, =
p J. /vt stays constant. Now F can be written as a function of N:

ImTb U P 9mTh 1 Je
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Therefore, minimum of noise figure Fyin and corresponding Npi, is respectively?,
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And collector bias current I, which gives Finin:

v )2
Inin = Je - Niin = t’ﬂ’ 1+29m7‘b+(gmig)a
s 18]
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or the transconductance which gives Fiiy is

Imin ’/8‘

2
gm that gives Flnym = = \/1 + 2gmTh + M'
rS
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Note that Fii, does not depend on the input source impedance (rg), and that || is
roughly wr/w at w > wg where most of our signals are at, i.e., || does not even
depend on Gy at frequencies of our interest.

IThis can be either number of parallel device or emitter area.
2See Appendix.



Appendix: Useful formula

BJT Model
— _ _ ~ Bo
gm = [c/vt7 9mTo = VA/Ut, ImTr = B(S) - 1+ s73
1 _ 1 . 1—!—87‘5 1 ' 1+87‘5
1+8(s) 1+00 1+s75/(1+50) 14060 1+s7r
B(s) Bo 1 Bo 1

1+8(s) 1+p0 1+sms/(1+PB) 1+ 1+smr
Minimum value

A A
min < + B:c) =+VAB, Tmin = \/ —.
x B

Integral
/ _dof2m (w> N
0 1+ (w/wo) 2 wo/ 1o
Two pole transfer function and its step response
1 1
= b
14+sb+s?a  (1+s7g)(1l+s7o) (a>0,5>0)
b+ Vb? —4a b
= 5 57" = — _— 2
1/76.0 > o (1 + /1~ 4da/b )

Discriminant 4a/b?:
4a/b® <1 — Exponential settling
=1— Critical damping
> 1 — Ringing
If 4a/b* < 1,
1/17¢ = b/a—1/b, /76 =1/b

Canonical form of two pole amplifier
N A

A — =
(5) Q+sB+s?A  (1+s7440)(1+s7g)

If 4AQ/B% < 1:
Ap=N/Q, Ta=B/N, 1/t =B/A-Q/B




Laplace transform
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Approximation If 7 > 7,
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