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Abstract

This document has two sections. The first is about mathematics tools to treat noise
and the second is physics of thermal noise.

In Section 1, we will first review convenient mathematics concepts how to treat
noise in electrical circuits, namely noise spectral density and autocorrelation. When
we introduce noise spectral density, separate application of time average and ensemble
average makes it easier to understand those concepts. Then build a few convenient
formulae to treat transient behavior after a noise source turns on, which is common
situation in discrete time systems. These formulae make it possible to estimate total
noise of discrete time circuits (such as track and hold) by AC noise analysis.

In Section 2, we will go over some physics of thermal noise. We first derive Nyquist
formula from two perspective. One is electrical circuit (macroscopic) point of view.
The other is (classical) microscopic point of view. Then, we will learn relation between
thermal noise and diffusion phenomena and behavior of a particle consisting gas, which
gives some basis of mean free path model. Finally, we will see “shot noise” in semicon-
ductor can also be understood as noise of diffusion current. In addition, we will briefly
go over noise of electromagnetic wave, black-body radiation.
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1 Noise Spectrum and Integrated Noise

In the linear response theory, our signals are either finite (impulse response) or periodic
(frequency response). However noise is infinite (not periodic), we can not apply our
linear response theory to noise as it is. But the good news is that noise is usually
small and its mean square is finite. For small quantities, we expect the system respond
linearly. We can use most of things we had learn in linear response theory. In this
section we will extend linear response theory to deal with infinite stream such as noise.

1.1 Measurement and average

Suppose that we sample an output (either voltage or current) of a system for N times
during time period of T" and assume that the system is in the same state (which
characterizes fluctuation at the output) during that period. Let’s say v(t,) is sampled
value for n-th sample taken at t,, (n = [1, N]).! We take average of sampled value as
the value of the output,

1 N
Wty =~ it

n=1

and take difference between the value of output and sampled value as noise, i.e.,

v(tn) = (W(tn))n + z(tn),

where x(t,) is noise component of the output. Therefore, average of noise component
is always zero by definition:

{@(tn))y =0

This is how we measure noise. However, following idealized averages (time average
and ensemble average) are more convenient for theoretical study. The concept of two
averages are very different, but it is almost always assumed that they give the same
result. Because of this a lot of literature does not distinguish these averages but the
author believes it makes much easier to understand the theory if we distinguish them
strictly when we construct the theory.

Ensemble average We can think of a lot of replicated system at the same time
and take average over systems instead of repeated measurements. Average over a lot
of replicated systems is called ensemble average. We denote ensemble average as <x2>

! Time points ¢,, are not necessarily equally spaced, they only needs to be almost uniformly distributed.



Time average Imagine that we could monitor the output over time period of T
continuously. We can define noise component in similar way,

v(t) = (o)) + z(?),

where

T/2
e IRLCL

—T/2

Therefore time average of noise component is zero by definition:

{@(t))r = 0.

1.2 Noise spectral density

Imagine that we could monitor the output over time period of T' continuously. In this
case, we can write noise component z(t) in Fourier series:

i2mny e —i 27
P = Y X Xn—/mx(t)e Pt at. (1)

Since z(t) is real number, changing sign of frequency gives complex conjugate:
*
X_,=X].

Xy is zero, since average of noise is zero:

X(] =T <:L'(t)>T =0.

We are interested in mean square. Using above Fourier series,

T/2 o0
L[S s ey,

2
T 7T/2 n=-—00 M=—00 T
1 (T2 & & XX, 2
=z Z ’%727”61 T 'dt. (n — —n)
7T/2 n=—00 m=—0o0

Recalling that

1 T/2 .27 (m—n)
Onm = / et T ldt
T J_ 7/

2We need to be careful about this when we do T — oo.



we get,
= XEX, 1
<w2(t)>T — Z 7"T n e
n=-—oo

Note that we do not need phase information of Fourier coefficients to calculate mean
square (X*X = |X|?). Recalling that X = 0 and that X_,, = X, above can be

XX, 1
<x2(t)>T ZQT;TZT”.T.

Taking ensemble average yields
o0
XX 1
2 n<n
=2 C=.
@) =23 (%) 7

Mean square noise is decomposed into frequency components. The right hand side can
be studied by frequency domain measurement (e.g. spectroscopy) and time period T'
corresponds to frequency resolution 1/7". If there is a smooth function S(f) which

satisfies X x
(F55) = s

<x2> is approximately written as,

oo

(%) ~ 2 (f) df. (2)
1/2T
S(f) ([V?/Hz] or [A%?/Hz]) is called (double sided) noise spectral density. We most
often use the term noise spectral density for single sided one, i.e., 2S(f) is the noise
spectral density. Mean square noise calculated in the way expressed in Eq. (2) is called
integrated noise. And when we just say noise, it likely refers noise spectral density.
Let’s take a look at some known cases.

Example: RC low-pass filter S(f) [V2/Hz] for RC low-pass filter is known to
be,3
4kOR

25(f) = 1+ (2nf RC)?’

where © is absolute temperature and k is Boltzmann constant. Note that in this section
we use © for temperature because we are using 7' for another meaning. Using

/ dw /21 wo w
—————— = —arctan —,
1+ (w/wy)” 2w wo

3 We will derive this formula later in Section 1.4.



mean square noise:

o kO 2 1
2\ __ _ _ - .
<ac > = /1/2 QS(f) df = C (1 arctan 27T2TRC> .

Recalling that arctanz ~ x for x < 1,

kO 2RC kO
2 - - ~N  —
(x%) o (1 ) o (T'> RC).

This can also be written with F' = 1/T as,

(2?) ~ ? — 4kORF/2.

If we spend long time (7//RC > 1) for a measurement, mean square noise is insensitive
to T. However if samples are concentrated within shorter time period we see smaller
mean square noise (frequency component lower than F'/2 falls into DC component).
Figure 1 shows this situation.

Example: flicker noise Another example is flicker noise followed by noiseless
low-pass filter of cut-off frequency fy:

K 1
fo1+(f/fo)?

where K is flicker noise coefficient (constant over f). Using

/1 1 _ 1y, )
for+(f/fo) 20 1+ (f/fo)*

25(f) =

mean square noise:

0 14 (E2)°
<az2>:/ K.12df_K1n<f°>
F2 14+ (f/fo) 2

where F' = 1/T. Note that mean square diverges as T" — o0, i.e., the longer we spend
for a measurement the more we get noise. However this divergence is mild (logarithm).
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Figure 1: Simulated output waveform of RC low-pass filter for a few different time scale.
For shorter period of time, we see less noise component (because high frequency component
is filtered) and averaged value differs different time point of measurement. For longer time
period, average gets closer to zero and mean square does not depend much on starting point
of measurement.



1.3 Noise spectral density and autocorrelation

Eq. (2) becomes exact with 7" — co. With this limit, Fourier series become Fourier
integral:

00 T/2
()= Jim [ Xp(f)e*tdf, Xo(f) = /_ T/zx(t)e—”ﬂftdt. (3)

The reason why we have T explicitly is that x(¢) is in fact not square integrable
(f7% Ja(t)[*dt diverges). Fourier transform of z(t) is not well defined. However, what
we want to calculate here is mean square, which is known to be finite. Convergence is
established by taking limit 7' — oo at very last. That’s said, just as previous section,
we see that mean square is decomposed into frequency components:

) AL
Jim (@O)p = Jim 7 [ 020y
T/2 . )
= lim — / / / X (f) Xp(f) 2+ qarar dt,
T—oo T T/2

/ Xr(f XT(f)dﬁ

where we have used ~
S(f—f) = / et 2=t gy

We define spectral density S(f) by taking ensemble average of above as follows,

[ s s g (KEOZDY,

T—o0 T

Note that S(f) = S(—f) since Xp(—f) = X5 (f). Therefore mean square noise can be
calculated positive frequency only:

N o0
3:>—2/0 S(f) df



Let’s take a look at following Fourier transform.

X7 (f) XT(f) Z2Trf7'df

T/2 [T/2
lim / / / o(t) z(t)e > ) qrar! dy,

T/2 ) -T/2

lim
T—o0

T/2 T/2
lim / x(t)x(t)5(t —t' + 7)dtdt’,
T%ooT T/2J-T/2
T/2
~ Jim / o(t) 2(t — 7)dt,
= lim ((t)a(t = 7))7.

This is autocorrelation. Therefore by taking ensemble average of above, it can be said
that Fourier transform of spectral density is autocorrelation:

(wlt)at—) = [ T S(f) eI af.

Spectral density can be calculated from autocorrelation:

S(f) = /OO (x(t)z(t — 1)) e 2T dr.

—0o0

Autocorrelation can be found by analyzing time evolution of random process on the
system in question.

We use ¢(7) for autocorrelation not only for shorthand, but also to put emphasis
on the fact that autocorrelation is a function of 7:

¢(r) = (x(t) z(t = 7)) .

¢(7) is real and ¢(0) is mean square by definition:

$(0) = ((t) z(t)) = (2?).

It is unlikely that x at distant past affects present x, nor present x affects x at distant
future, i.e.,
¢(£oo) = lim (z(t)z(t—7)) =0.

T—F00

S(f) is positive real, and also even function, i.e.,



We have just learned autocorrelation is Fourier transform of spectral density, vice versa:
o0 ) 00 ‘
o(r) = / S(f) ot 27 fT df, S(f) = / o(7) o= 1277 g
oo -

Therefore, ¢(7) is even function because S(f) is even function:

Example 1: For a system of which autocorrelation is delta function:
(x(t)x(t — 7)) = K (7).

Spectral density is flat:
S(f) = / Ko(r) e 297 dr — K.

Delta function autocorrelation represents memory less random process. Therefore if a
system has flat noise spectrum, the noise is due to memory less random process.
Example 2: Spectral density [V2/Hz| of RC low-pass filter is

4kOR

= T nfrey

Autocorrelation will be
> - k©
o(1) = / S(f) et dqf = Yol e~ ITI/RC.

The system would “forget its memory” after t = RC. If we look at the system in
the time resolution much larger than its specific time (RC), the behavior should look
as if it has delta function autocorrelation and indeed the spectral density is flat at

w <K 1/RC. ¢(0) gives k©/C.

If the spectrum is concentrated in lower frequency, autocorrelation becomes broader.

11



1.4 Composition of noise spectral density

Consider a system which has one noise source y of which spectral density S,(f) is
known. Since noise is small, it is reasonable to assume that response of output = to
noise source ¥ is linear. First, we write noise source and its response in Fourier series:

m):% > Xr(n/T)e T, y(t)Z% > Yo(n/T) e F.

n=—oo n=—oo

Yr(f) and Sy(f) has following relation:

(FOEDY g

lim
T—o0

Since x(t) is linear response of y(t),

Xr(H)/T =H(@2nf)Yr(f)/T  —  Xo(f) = H(i2nf) Yr(f).

where H(s) is transfer function, Laplace transform of impulse response. Therefore,
noise spectral density at output:

Xp X\ _(HYEHYE\ o ViV
T T T /)

Here we take T — o0,

Sa(f) = [H(i2n f)]* Sy(f). (4)
When we handle linear response, it is more convenient to use angular frequency w = 27 f
than ordinary frequency f. Here, we introduce following notation for single sided noise
spectral density, so that we can easily go back and forth between those two kind of

frequency.

(W), df =28,(f)df. (v, dw = 2S,(w/2m) ‘2%’.

With this notation, Eq. (4) become
N
<w2>w - ‘H(ZW)‘ <y2>w '

Similarly, if we have two noise sources y and z, Fourier coefficient of x is written
with corresponding transfer function F(s) and G(s) and Fourier coefficient Y7 (f) and

Z7r(f) as
Xr(f)=F@2rf)Yr(f) + G(i2nf) Zr(f).

Assuming that there is no correlation between two noise sources i.e., they are indepen-
dent each other:

(Y7 (f) Zr(f)) =0,

spectral density at output can be calculated as follows:

(2%), = [Fw) (y?), + |G(w) (%),

12



Example: RC low-pass filter The only noise source is resistor R which is mod-
eled as current source iy in parallel. Noise spectral density is given by

4kO dw
9
dw = 22 W
<ZN>w w R 27T N R ,
Equation for node v,: "_E\Cg/gT o
vo_vi+sz —in=0 iN ¢
R o N — U.

Therefore,

. V; + Ri N .
 14+sRC  1+sRC
Spectral density on output due to resistor noise:

Vo F(s)vi+ G(s)in.

4kOR dw

) e N2 2 - 7 =
(v >w dw = |G (iw)| <ZN>w dw = 1+ (wRC)?2 27’

o

or

o . 4kOR
wo)s 4 = T om preye ¥

Example: Thermal noise of operational amplifier Opamp’s noise is usually
modeled as voltage sources on each terminal as
and vy, in the right. Opamp’s

va

Uio—®

shown vy, vy

n

transfer function:

UN,, Vo
A 1 —
A(s) = 0 __ ~ :
1+ s7440 STA R Ry
Gain G is set by ratio of two resistors: ‘l’ :_I Uz =
R iN2 Z']\]1
_ + Ry 1 &
Ry Ry
Opamp’s equation and equation for node v, is respectively,
(% . Vg — Vo .
vo = v, + A(s) (vi + vn,) — (Vo +UN,)) s = —ing + +in, =0.
Ry Ry
Therefore,
o — G (’UZ‘ + UN, — UNn) + Ry (iNl — iN2> + sTtaGun,
o 1+ s74G ’
or

v, = E(s)v; + E(s) vy, — E(s)vn, + F(s)in, — F(s)in, + H(s)vn,,
where
G Ry

=——— F(s)=——, sTaG
14+ s74G 14+ s74G

- 14 574G’

E(s) H(s)

13



Recalling that noise current spectral density of a resistor <z?\,>
of feedback resistors:

;s 4k© /R, contribution

2 . . N2 /)2 .9 . 4kOR G ‘ i
(vk), = [FO)l” (i), + (he)) = 7= o Q) 2n

o k©
|, de= ®)

Integrated noise:

Input terminal’s contribution:

G?((v3 v3
(W3), = [B() (0, ) + (00 ) = (<1 i;: ;é;l">“’)

Integrated noise:

|, de = 1 () + R ©)

47y
H(s) is high-pass filter, low frequency component of vy, is cut off. Contribution from
vy, is usually very small.
In many cases, opamp A consists of transconductance amplifier followed by buffer
amplifier. In such case, unity gain specific time and input terminal noise is given by

) 15O 1

2
T4 ~ Ce/gm, <UNp>w = (U)o ™ 97 - K, - o

where C,, g, and Ky, is, respectively, compensation capacitor, transconductance and
noise coefficient of the amplifier. As we will see later sections, Ky, for bipolar opamp is
roughly 1/2 and Ky, for CMOS opamp will be somewhere around 2/3 ~ 2 depending
on noise coefficient of the input pair and the topology of the amplifier. Inserting these
into Eq. (5) and (6) yields

/ <vi3> dw:@-ngl, / <v§1> dw:%-G.
0 w C. 0 w C.

Total input refereed integrated noise (excluding buffer noise) is sum of above divided
by G?:

1 o0 1 oo kO gmR
g | =g [T (R 8, do= o (280 + 20 ).

As for inverting amplifier (set opamp’s positive input to the ground and put signal at
Ry), signal gain G; is R1/Ry. Therefore input referred integrated noise will be,

1 o0 k© 1
(;2/ <’Ug>w dw = W <2Kth + 5 + ng2> .
i J0 e i

14




Noise floor from resistor, 4kOR; G, can be written with G; as 4kOG; (R + R2).

In reality, we have excessive noise component such as flicker noise (MOSFET) or
base resistance noise (BJT). Reference [3] and [2] treat such excessive noise component
in detail.

Example: Full-differential switched capacitor circuit Let’s find noise of
full-differential version of switched capacitor amplifier as shown in below.

I U= I Yo
I

¥

5C5 vz 4 sCf (Vg — Vo) + 8(C + C;) v = 0.

For v,;

Therefore

Vo = G Vg, GTZ(Cf—FCS—}-Ck—i-CZ‘)/Cf.
Amplifier’s output v, is
Vo = A (—vgy — unN;) + UnN,, A=1/s7y4,

where vy, and vy, is input noise and output noise, respectively. Note that since we
are dealing with the single-end half of full-differential circuit, the positive input con-
nected to the grand is virtual, we only need to include noise for the negative terminal.
Combining two equations yields,

G, . sTAG,
Vo=———— UN, + ——————— - UN,,
° 14+ s74G~ N 14+ 574G No
G3 (WTaG)?

(V) = m <”J2Vi>w+m'<vl2vo>w

<v]2vo> is suppressed at lower frequencies and it is usually small and cut off by the next
stage’s input switch and the sampling capacitor. Suppose that <”12V¢>w is dominated by
the input pair’s thermal noise and that 74 = CL/gm,:

4k0© dw k© dw
2

dow = —2 K. . — K, 2
<vNi>w W Gm; th on + Cy 5y

15



where Ky, and K is the thermal noise coefficient and the flicker noise coefficient of
the input pair transistor, respectively. Thermal part of total noise:

e KOG,
/0 <vg>wdw = . - Ky,

Input referred (G = C,/CY) in the unit of k0 /Cs:
1 [, 4 ke Cf G-
il dw = — . =L . 2T Ky,
G2 /(; <UO>W w Cs CL G th
By inserting typical numbers into % . % for various gain setting, you will find higher

gain gives input referred lower noise.
We will discuss flicker noise in Section 1.7.4.

16



1.5 Equivalent noise resistance and noise factor
In the last section, we have learnt that noise spectral density of RC low-pass filter is

9 4kOR
(v7) ;= TR
1+ 27 fRC)
At low frequency it is 4kOR. <v§> ; can be obtained by simulation and <v2> s at low
frequencies (where it is flat) divided by 4k© gives resistance R. Similarly, opamp’s
output noise spectral density is calculated using last section’s example,

2 2
(vo); = (VR), +(va); = 4k@R1G+4k@5 e <R1G+ 5) ,

Here we dropped frequency factor to focus on noise at low frequency. Again, <v§> / /4k©
gives a quantity in resistance which can easily be calculated from design parameters
(R1, R2, gm). We call <v§> / /4k© as equivalent noise resistance. In this way, we can
compare noise spectral densities obtained by simulation with the one calculated from
design parameters. It will be more convenient to measure equivalent noise resistance
in the unit of g,, because bandwidth of the amplifier is closely related with g,,:

v2 2 2
o)y _ <R1G+G) = G(1+ng1>.

4k© Im Im G

Note that g,, R stays constant if we scale everything wider, e.g., if we make everything
twice as wide, g,, gets twice, Ry become half. We call such quantity a scale invariant.

And input referred integrated noise is roughly baseline spectral density times 1/4 of
its bandwidth. Recalling that bandwidth in this case is 1/74G and that 74 = C./gm,
input referred integrated noise will be

L[>, 4kO© gm P 1 k© gm P
2 af = 222 (1 : — 1 .
G2/0 (o), df = -~ < TG ) ime e\t @
Integrated noise divided by k© gives a quantity in (inverse of) capacitance which can
easily be calculated from design parameters and we call it equivalent noise capacitance.

Noise factor It is more convenient measure equivalent noise capacitance in the unit
of a capacitance specific to the system in question. In this case, it is GC.. We call
equivalent noise capacitance measured in the unit of such unit capacitance as noise
factor. In this case, it is (1 + g, R1/G). Note that noise factor is scale invariant, i.e.,
circuit it stays constant, if we scale everything wider or narrower while keeping current
density the same.

17



1.6 Origin of white noise

Let us take a look at a series of impulse events which occurs randomly at fixed rate of
P events per unit time. Let xp(t) be an observation of a such series of impulses for a
time period T'. zp(t) can be written as

N

wr(t) =) 6t —t)),

J=1

where N is number of events for a time period of T'. If we observe this event long
enough so that PT > 1, we can approximate N by PT. Fourier transform of zp(t):

T/2 T/2 PT
XT(f):/ xr ( —127Tftdt Z/ t—t _l2ﬂftdt=Z€_12ﬂftj.

—-T/2 T/2 =

Spectral density:

T—o0 T

. 1
_ 1 z27rf(tk7t~)> 1
fim 32 4

e

Here time series t1, to, t3,... is randomly distributed for each observation, average of
et 2mf(tr—1j) vanishes except for j = k and the number of such term in the summation
is PT. Therefore

. 1
S(f) = lim PT-T—R

T—00

P events per unit time means that event interval is 7 = 1/P in average. In single sided
notation:

<9:2>f =2S(f)=2P =2/t

White noise source is mathematically modeled as a collection of consequences of these
elementary impulses. If we know response of current, for example, against such ele-
mentary impulse, we can calculate noise spectral density from 7 of that impulse. One
example is current by itself. If x is the number of carrier passage at a given surface
per unit time, current I will be ¢/7 and ¢ <w2> will be noise current spectral density.
Therefore,

(i%) = 2q1.
This is called shot noise.

We will study white noise in physical point of view later in Section 2.

18



1.7 Transient behavior

In discrete time systems such as data converters, we often find some of noise sources
appear only one phase of the clock. For example MOS switch contributes noise only
when it is closed. In this section we will study noise contribution of such noise sources
as a function of time after it is turned on.

1.7.1 Frequency factor and effective bandwidth

We want to find mean square noise at output as a function of time ¢, in case noise
source y is turned on at t = 0. We assume that y is white noise source. Suppose that
y(t) is noise voltage, its response x(t) is written as follows:

x(t) = /0 h(t — 1) y(r)dr, (7)

where h(t) is impulse response of  to y. Ensemble average <x2(t)> is the one we want.
The procedure to obtain <x2 (t)> is just as what we have done before. We first write
y(t) in Fourier series rather than integral, because y(t) is not square integrable.

y(t) = 7 S Ve, (5)

where sum is taken for all w = 27n, n = [~c0...00]. Then calculate 2%(¢) in terms of
Y, and take ensemble average. Since y is white noise source, we expect that there is
no correlation between different frequency components, i.e.,

(BF2) =0 W), )

Finally bring T' — oo, so that we can use

lim 2 <Y5TY“> = lim 2 <Zi'2> = (%), - (10)

T—o0

Now we execute the procedure. Inserting Eq. (8) into Eq. (7) yields

t
x(t) = Z % /0 h(t — 7)™ dr.

Therefore

2(t)_1ZZYw’Yw/th(t_ )ind /th(t— l) iw”r’d/
T —T .~ T . T)e T . T)E T .
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Taking ensemble average and making substitution w’ — —w’ yields

(22(t)) = % zw: Z <Y5’TY”> /0 t h(t — 7)™ dr /0 t h(t — )e ™' dr'.

Using Eq. (9) and noting that two integrals are complex conjugate each other if w = w’,

#0) =53 ()

Taking limit 7' — oo, summation becomes integral:

<x2(t)>:/o;<yz>“ /Oth(t—T)eide

Since y is white <y2>w can be brought out from the integral. Since integrand of the
outer integral is even function of w, we take positive frequency only:

00 t 2
(z%(t)) = <y2>w/ ‘/ h(t —7)e“Tdr| dw,
o IJo
— <y2>w/0 fi(w) dw = <y2>w E(t).
where we have defined frequency factor f;(w) and effective bandwidth F'(¢):
t 2 00 00
. 1
filw) = / Wt -y e“dr| . Pt = / filw)do = / () dw.
0 0 —00

Frequency component of mean square noise at ¢t can be defined as

(@*®),, = (v*),, filw),

so that mean square noise can be written in integrated noise.

(2(t)) = /0 T2, d.

2

t .
/ h(t — 1) e dr
0

2
dw.

Multiple source In case we have another independent (not correlated) white noise
source z, its response is sum of these two,

t t
x(t) = / h(t — 1) y(r)dr + / g(t — 1) z(T)dr.
0 0
We can repeat the same procedure. Using the fact y and z are not correlated, we get

t 2 ¢ 2
<£C2(t)>w = <y2>w /0 h(t —T) T drl + <Z2>w ’/0 gt —1) ST g

Therefore we can calculate contribution from each noise source separately and then
sum them up to obtain total amount.
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Steady state limit Let us write transfer function in partial fraction expansion:

Tk
H(s) :Z 1+ s7 i
k

From the causality requirement, real part of 7 is positive. In case H(s) only has simple
pole, impulse response function is

h(t) = Z age "t/
k
Frequency factor fi(z):
t
sz Ak Tk wt —t/’r~>
h(t d (e '
/e ] = [ (e

For sufficiently large ¢, all e=%/™ vanishes and we get steady state formula:

2

fi(w) =

2

AkTk  iwt| _ ’H(zw) eimf = |H(iw)|2, (t = o0)

fr(w) =

P 1+ iwTg

therefore
(2%(c0)),, = [H(iw)[* (y*), -

The same thing can be said for cases in which H(s) has non-simple poles.

1.7.2 First order transfer function

H(s) = a1 7 Folw) = '(117'1 (ez’wt _ e‘t/Tl)

2

1+sm 1+wmn

Effective bandwidth:*

/ filw (a171)2 (1 B e_2t/7'1> ‘ (11)

T1
For RC low-pass filter, a;71 = 1, i1 = RC and <y2>w = 4kOR/27:
(2*(t)) = ("), F (¢

- 423]% amg (1= = ? (1-em2me).

4Appendix D shows how to calculate this integral.
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Example: ON resistance of MOS switch in track and hold Basic struc-
ture of track and hold circuit is RC low-pass filter in which R is replaced by MOS
transistor. In hold mode, R is extremely high and iy is extremely small. At transition
to track mode (¢t = 0), iy turns on. We sample output at Ty when the circuit goes
back to hold mode. In usual operating conditions, however, T is at least a few times
larger than its specific time 7 = RC, we do not get much noise reduction.

Example: Random walk Let us think about classic random walk problem?.
When a particle is moving randomly, how far in average would it move in a time
period of t7

The position x of the particle at ¢ is simply integral of velocity over time:

= /Ot on (1) dt.

Taking Laplace transform yields
X(s)=H(s) Vn(s), H(s)=—.
We take Vi (s) as white noise source of which spectral density <V]\2]>w. Note that

dimension of <V]\2,>w is velocity squared per frequency, i.e., [L2T~2(1/T)~!] = [L2T~1].
Using,

— = lim ,
s Tl 4+ sT

“effective bandwidth” is calculated from Eq. (11),

F(t)= lim 1 (1 - e—Qt/T) ,

T—00
.
= TIEEO§T(1 —1+2t/7)=mt.
Here we have used €® ~ 1+ ¢ for small §. Therefore square average distance of a
random walk particle would make in a time period of ¢ is

(a®) = F(t) (Vi) =7 (V&) 1

A particle moving at random velocity does not stay in a definite region, even though
its average velocity is zero ((vn(t)); = 0). If we think of an ensemble of particles
concentrated at x = 0 at t = 0, square average of positions of particles would increase
over time, which we observe as diffusion. We will come back this topic later in Section 2.

®Connection with random walk is pointed out by Manar El-Chammas.
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1.7.3 Second order transfer function
H(s) = a7l 4272
1+sm 14+sm

Frequency factor is calculated as follows:

a1 (em — e*t/ﬁ) a7 (ei“’t — e*t/”) ?

fr(w) = + :

1+iwn 1+iwmn
B (arm)? (et — e—t/n) (7wt — e—t/n)
(I+iwm) (1 —iwm)
(agms)? (et — e—t/Tg) (emiwt — e—t/m)
(1+iwT) (1 —iwm)
a1 apmy (€@ — e_t/“) (et — e‘t/TQ)

(1+iwm) (1 —iwm)

+c.c.,

where c.c. is complex conjugate of the third term. Effective bandwidth:

F(t) = ;/_O; fi(w) dw = g [W (1 — e_%/n) + M (1 — e_Qt/TQ)

1 T2

da10 ~(1/mi+1/m)t
B (e Wm/m) | (12
1/7’1 —|—1/’7’2 < © ) ( )

Example: Base current noise of track and hold buffer In case track and
hold circuit is followed by a bipolar transistor, its base current noise is integrated at the
sampling capacitor and its spectral density diverges at low frequency.[2] Here output
x is amount of charge at the next stage’s sampling capacitor. Noise transfer function
H(s) is given by
wo aim
H(s)=——+ ——
() s 1l4+sm’
where 1/71 is overall bandwidth at the output. We can calculate effective bandwidth
directly from this, however we can rewrite H(s) as second order partial fraction with

taking limit of 79 — oo as follows:

H(s):—@+ “an_ _ lim | — @070 + “um .
s 1+sm 10— l+smg 14+sm

Therefore effective bandwidth is obtained by substituting symbols and taking limit on
Eq. (12). The result is

2
F(t)= ngt-i- 77(31;1) (1 — eth/Tl) — 2wy a1 (1 — e’t/“) .
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What we want is F'(Ts) where Ty is holding period. In usual operating conditions, T
is at least a few times larger than 7y, exponential terms vanish.

Tr(alTl)2

F(Ts) ~ Trw(Q)Ts + o

— 27 wo a7y -

We see more noise at lower conversion rate. For given T}, there may be an optimum wq

to minimize noise. The first and the second term came from the first and the second

term of H(s), respectively. The third is cross product term. In case the first term is

dominating F'(T5), it happens to be expressed as frequency domain integrated noise:
& 1 F

F(Ty) ~ 7wiTs ~ /ws |H (iw) |? dw, wSZWTS ZT/T

where Fj is sampling frequency (275 = 1/F).

Figure 2 compares AC noise simulation and measurement data of a bipolar pipeline
ADC. Please do not confuse this noise with the error caused by base current itself.
Base current error is mainly common-mode and error voltage is proportional to time.
Even if it shows up in differential mode causing gain error, noise power due to such
error should be proportional to square of time.
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Figure 2: (a) Noise spectral density of a bipolar track and hold circuit. In track phase it
behaves like an RC low-pass filter. However in hold phase, it diverges as frequency goes low.
This is because base current noise is integrated at the undriven capacitor. (b) Integrated
noise [ (vi);df. We can take value at f = F,/m* as expected noise contribution of this

block at sampling frequency Fij.

(c) Measured SNR of pipeline ADC for a few device.

Room Temp. Ain=-1dBFS. (d) Blue lines are SNR converted to mean square codes, using
D = (2V/24/2)2/SNR. Red line is simulated noise of this ADC converter, calculated
from AC noise spectral density by [ ;O s (v%) fdf . The slope is originated low frequency
divergence of base current noise. Distortion due to inter-stage gain error separates simulation

and measurement.
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1.7.4 Flicker noise

Let us consider following identity.

K 2K/°° 1
- T 22T
w T Jo 1471w

The right hand side can be interpreted as infinite sum of low-pass filtered white noise
source of which spectral density is 2K /m, and the left hand side is spectral density of
flicker noise. This is one of ways to model flicker noise. However, it is unlikely for a
system to have infinite bandwidth (7 = 0), there has to be lower limit for 7. Let’s say
this limit is 7. Spectral density of flicker noise <a:2>w can be written as follows:

@), = W |

T

o0 1 2K
1 4 7202 ar, <y2>w T

where y; is white noise source of which spectral density does not depend on 7. At low
frequencies <£L’2>w is proportional to 1/w and at high frequencies it is proportional to
1/w?, transition occurs around w ~ 1/77.

Effective bandwidth for flicker noise is the last expression of Eq. (11) with a;7 =1
integrated from 77 to infinity,

1 _ —2t/T
Ft) = © / 1=

Thanks to finite 7, this integral converges.

However, unfortunately, I do not know how to proceed. But for now, let’s just try
to get some idea from AC simulation.

For a given t, there is a & which satisfies

2t ¢ 1 01 _ —2t/T
/ —dr = / L dr,
TT T TT T

because both integrand is positive and integrand of the right side is always smaller
than that of the left. With such &, effective bandwidth is written as follows:

a6 g 2T, 1
F(T,) = 77/ Sdr = T 5:7#/ —df.
2 T T 2 TT Fs/Ef

where 2T = 1/F, 2w fr = 1/7p. Although it is somewhat artificial, F'(Ty) is expressed
as frequency domain integrated noise. £ is a function of 7 and we just hope & ~ 1 for
2T, > 1p. Experience suggests & ~ 10.
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Example: Full-differential switched capacitor circuit Let’s go back to the
example in Section 1.4 where we left flicker noise term unfinished. The flicker noise
term was 1O d
2 w .

vy ) dw = — - K¢ — flicker term onl

< Nz>w Cg f w ’ ( Y)
where Cy is a quantity in capacitance used to extract K; from measurement, and is
proportional to device area but not necessarily be the gate capacitance of the device.

On the output, this flicker noise is band limited by the amplifier

Wy, = — %)
w14+ (w TAGT)2 Nilw

Therefore flicker noise’s contribution to the total noise at the output will be,

KOK G2 7. 2Ti
2 fYr S
o) C, 2 TG,

Input referred:

k@.Cf

1, o G? ™
@<Uo>—a @-?-Kf-—l

2 nTAGT'
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2 A Few Topics on Thermal Noise

This section gives some physical basis on thermal noise formulae used in the previous
sections. This section is not particularly useful in circuit design.

2.1 Macroscopic derivation of Nyquist formula
2.1.1 Statistical mechanics of tank circuit

Suppose that an LC tank is placed in the middle of empty space. The total energy of
this system is the sum of energy stored in the inductor L and the capacitor C:

1 1
E = ~LI? + ~CV?
2 * 3 ’

where I and V is current of the circuit and voltage across C, respectively. Recalling
that I = C'V, this can be written as

1 . 1
E = 5LC2V2 + 50V2.

This is identical to a harmonic oscillator

1 . 1
E = §mx2 + §mw%x2
with
m = LC?, wi =1/LC.

According to statistical mechanics, each harmonic oscillator has kT of energy in average
at equilibrium.

How can an isolated tank circuit acquire energy? In statistical mechanics, it is implicitly
assumed that the system in question exchanges energy with the environment (or heat
bath). The energy flow from the system to the environment is considered dissipation
and the inverse can be considered thermal agitation. When net energy flow between the
system and the environment is zero, the system is at equilibrium. In electric circuits,
dissipation can be modeled as a resistor, and thermal agitation can be modeled as a
voltage source. Therefore an LC tank circuit at equilibrium can be modeled as damped
resonator. Circuit equation for such damped resonator is

Lf+RI+% -V, I=4

where ¢ and V is charge stored in C, and electromotive force due to thermal agitation,
respectively.
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2.1.2 Damped oscillator

We first consider in case agitation force is absent to find rate of dissipation. Equation
for ¢ becomes
G+ 2\ +wig = 0,
with
A=R/2L, wi=1/LC.

t

Let’s say ¢ = ¢™. Inserting this to the equation yields

r2+2)\7“+w3 = 0.

r=—XNE /A —wl.

In case A < wy we get oscillating solution:

q=ae *cos(wt +0), w=woyv/1— (A wp)?,

where a and § is constant coming from initial condition. Furthermore, if we assume
A < wy, shift of oscillation frequency from wy become second order small quantity and
we can neglect it.

Therefore

w = wo/1— (N wo)? ~ wp (1—;(A/w0)2> ~ w.

Since A < wy, amplitude decays much slower than oscillation frequency, it can be
treated as a constant for a cycle. Therefore average energy stored in L and C over
a cycle is proportional to square of amplitude. Since amplitude decays at rate of A,
average energy decays at rate of 2X:

dE -
— = —2)\E.
dt

Agitation force V provides power to keep the system at equilibrium.

2.1.3 Damped resonator

Now we would like to turn back to damped resonator. Equation in s space:

1
L+R+—|I1=V.
<s + +sC>

Therefore frequency response:

I(w) iwC
V(w) 14w RC + (iw)2LC’
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Note that here V (w) is a quantity such that |V (w)|? becomes a power spectral density
([V%/rad/s]). Similarly I(w) is a quantity such that |I(w)|*> becomes a power spectral
density ([A?/rad/s]). Using w@ = 1/LC and A\ = R/2L,

1 Wy wo
IV = —.
/ R

<w>2 w2\
1- (2} 2.2
wo wo Wwo

Our focus is frequency near wy. Substituting w with wy + € and dropping second order
small quantity yields

1 iA
)V = ——. .
/ R e—1iA
Therefore power spectral density p(e) and total power P is respectively
: NV (w))? >
p(e) = Re (V I):62+)\2- 7 P:/_wop(e) de.

Since A%/(€? + A?) has sharp peak at wp, we can bring |[V|*/R out from the integral
using the value at wp. Also the integrand at ¢ < —\ does not contribute much to the
integral, we can extend the integral from —ooc:

p o Wenl R Ve

~ e+ T R

7 ST

To maintain equilibrium this has to be equal to the rate of dissipation —dE/dt, i.e.,

= IV (wo)|?
LB 9\E = P eqA 0D
di TR

Recalling that £ = kT, we find
|V (wo)|?)/R ~ 4kT/2m.

This is in fact exact, see Appendix E for details. Since the right hand side does not
depend on wqy, we can think of the environment as if it has voltage source with flat
spectral density of 4kT' R per Hz. Here R was barely a model for the environment. Can
this be a real resistor? The answer is yes. In a real resistor, dissipation happens as a
result of interaction between the carrier and everything else of the resistor, resulting
resistance. “Everything else” is indeed a part of the environment. In usual circuit
setups, dissipation due to resistance is much greater than dissipation due to other
means such as radiation. We can regard resistor body by itself as the environment.
Ideal L and C are used as a tool to show spectral density of agitation force is white.
In fact, they are not essential to thermal agitation force. It is rate of dissipation
(resistance) which balances with power of agitation force.
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2.1.4 Equivalent circuit for impedance

Let us think about equilibrium of a resistor R; and an impedance
Z connected through resonator like shown in the right. Here I C
we suppose that two component are exchanging energy solely
through the noise current. Because of resonator, energy is ex-

changed by frequency component of w = 1/v/ LC' of the current. < 1 Z(iw)
At equilibrium energy transfer from R to Z and Z to R should
be equal.

Suppose that v; and ve is noise electromotive force of Ry and Z, respectively and
that v1(w) and ve(w) is its frequency component, some quantity of which square mag-
nitude |v1(w)|? and |ve(w)|? become spectral density. We know |vy(w)|? is 4kT Ry /2w
for any w and we like to find formula for |va(w)|? from the condition that Ry and Z
are at thermal equilibrium, i.e., power transfer is balanced. Power transferred from R;
to Z through frequency between w and w + dw is

Rt sy = me( 3G BT s

_ Re(2*(iw)) - — @)L
|Ri + Z(iw)]*
_ Re(Z (i) . TR /2w

5 aw
IRy + Z(iw)|?

where 71, vz is the circuit current due to v; and the voltage drop across Z, respectively.
Power transferred from Z to R; through frequency between w and w + dw is

Retiale) il = R 2 S 0
Ry

2
. I N—— dw,
Ry + Z(iw)? [ua(w)|” dw

where i3 and vg is the circuit current due to vy and the voltage drop across Ry,
respectively. At equilibrium power transfer between Ry and Z is balanced. Therefore

02()” = BT Re(Z(iw)). (13)

We can use current source iz instead of electromotive force (voltage source). Power
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k
UN+CT> (v, = % Re(Z(iw)) (i%),, = 42: Re<2éw)>
AKT , 4KT
p = or (w) Z || ®ix = o G(w)
Z(iw) = R(w) + i X (w) 1/Z(iw) = G(w) + i B(w)

Figure 3: Equivalent circuit for (passive) impedance Z with noise source. (Left) With noise
voltage source. (Right) With noise current source.

transferred from Z to Ry through frequency between w and w + dw is

2
Re(ip(w) - vp(w)*) dw = M dw,
Ry
1 iz 2
- R . dw,
Ry |1/Ry + 1/Z(iw)
Ry |Z(iw)|? .
= L”Q i |ZZ(W)|2dw,
|Ry + Z(iw)|

where ip and vpg is current and voltage at Ry due to iz. This should be equal to power
transfer from R to Z. Therefore

. kT Re(Z(iw kT
|ZZ(°~’)|2 = 427T ) ]Z((zc(u)]Q)) - 427r Re<Z(1W)>' )

If Z can be decomposed into real part and imaginary part like
Z(iw) = R(w) + i X (w),

noise can be modeled as a voltage source vy in series with Z, of which power spectral
density <v]2\,>f is equal to 4kTR(27 f).
If 1/Z can be decomposed into real part and imaginary part like

1/Z(iw) = G(w) + i B(w),

noise can be modeled as a current source 7 in parallel with Z, of which power spectral
density <z?\,> s is equal to 4kTG.

Figure 3 summarizes these results.
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2.2 Microscopic derivation of Nyquist formula
2.2.1 Macroscopic quantities in terms of microscopic quantities

Consider a conductor of length L, cross sectional area of A, resistance of R. When we
apply voltage V across each end, current runs through this conductor will be

I=V/R.
Whereas relation between current density j = I/A and electric filed E = V/L is
j=0oE, or I/A=0oV/L,

where o is called conductivity. Therefore relation between o and R is,

L

Suppose that current is running uniformly inside the conductor, i.e., carrier density
(n) and average (drift) carrier velocity (v) is also uniform:

j=nqu, n = N/AL,

where ¢ and N is charge of a carrier and total number of carriers, respectively. In this
and following sections we use bar for average over carriers in a system and bracket for
ensemble average. For example, v is average velocity of carries in a system and (v;) is
ensemble average of i-th carrier’s velocity.

Now equation of motion for each carrier:

m —
mv; = ——v; + qF,
Te
where m is mass of carrier, 7. represents average “drag force” from all sorts of inter-
action between carrier and lattice vibration, impurity etc., and E is V/L. The reason
why we have a bar on top of F is that, in microscopic point of view, each carrier should
see local electric field from surrounding atoms. However, since conductor as a whole
is electrically neutral those local modulation vanishes in average. After sufficient time
carrier particles catch up steady speed where filed force and drag force are balanced:
m _ T, - _
Mo—g = o=2TF—uE,

Te m

where p = g7./m is called carrier mobility. Therefore conductivity is written with ¢,
m and 7. as follows:




2.2.2 Random agitation force

Now let us take a close look at each carrier when V = 0. Average field E is of course
zero, however carrier receives force from surroundings as a result of thermal agitation.
Let &; represent such thermal agitation force and we assume it is white noise. In such
case equation of motion for each carrier is

, m

mv; = ——v; + q&;,
Te

From Laplace transform of the equation

qTe 1

m
smu;(s) = —T—vi(s)—i-q&- - vi(s)/& = el DR

we get relation between spectral densities

(q 70)2 1
<v12>w = m2 ' 1 _|_w27-82 <812>w’ (15)

and mean square velocity

00 2
T™ 4" Te
(W)= [ b, o= 5 Toen),,.

At equilibrium this should be equal to the thermal velocity kT /m, therefore spectral
density of agitation force is found to be

2
=3 LRE =t o (e,

vE 9 m?2

AkT 1
e 1
o a (16)

2.2.3 Electromotive force

For arbitrary cross section, there is nA carriers per unit length and average agitation
force per unit length over a cross section £ is > &;/nA where sum is taken over nA
carriers. Therefore ensemble mean square

() = o nAlE) = 1 (ED).

Mean square electromotive force across the conductor can be summed up for its length:

(V?) = L{E) = ().

Same thing can be said for each frequency component:

o _ Lo,
Therefore, using 0 = nqu, R = L/Ao,

(v, = %(53% = 4kTR/2m.
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2.2.4 Noise current

Recalling that current is expressed by number of carriers inside the conductor N as
I=Anqv=ALnqv/L = Nuvq/L,

and that v is average of each carrier’s velocity:
1

1 ) 2
S ATw s ()= e N0 = 0),
K3

we find noise current is expressed by mean square of carrier velocity:

(i) = (I*) = N*¢* (v*) /L* = N¢* (v} ) /L*.
Same thing can be said for frequency component:

(%), = Na* (v}),, /L*

Inserting Eq. (15) and Eq. (16) we find spectral density of noise current

Nqp  4kT 1
<ZN> L2q < >w: .2 ’ 2 '1+w27—02'

(17)

Recalling that 0 = nqu, R = L/Ao, this reduces to the thermal noise formula for
w1/,

(%), =2m (i}), = 4kT/R
Note that Eq. (17) corresponds to Eq. (14), i.e., noise current power spectral density
is proportional to conductance.

2.2.5 Drift current

Now we apply voltage V to the conductor and let net current flow. As we will see later
in Section 2.2.8, 7, can be interpreted as average time that particles “fly” freely before
impacted by thermal agitation force. Thermal velocity vr times 7. is called mean free
path [ = vp 7.. Thermal velocity vy can be written with [ as

kT l kT 7 kT
1)%27, vr = — — ’UT=~T=,ul/q.

m Te m 1
Recalling that drift velocity vp is pE =puV/L, ratio between drift velocity and thermal

velocity is
VD %4 l

(% N /fT/ q

In usual circuit setups, V' and kT'/q is about the same order. Mean free path is in the
order of nano meters, whereas L is in the order of micro meters, drift current hardly
affects each carrier’s activity, hence noise:

<U?> = U%—I—U% ~ v%.
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2.2.6 Diffusion phenomena and Nernst-Einstein relation

Now we would like to see how carrier particle travel by thermal agitation force. We
place z-axis along with the conductor and set x = 0 somewhere in the middle of the
conductor. Equation of motion for a carrier at the origin with £ =0 at ¢ =0 is

§ m . qTe/m 1 Te
o & g — Al - _
mi; - T +q& or x;/& SO+ ”’(s 1+STC>

Using result obtained in Example of Section 1.7.3,

(w:(t)?) = mp? (t+ % (1 _ e—Qt/Tc) _or, (1 _ e—t/n)) (€2)_,

~ mult - <6i2>w . (t> 1)
Inserting Eq. (16) to this, we get
(2;(t)*) = 2ukT/q-t. (18)
Carrier particle does not stay where it used be but travels indefinitely even though

average of its driving force (&;) is zero. We observe this as diffusion phenomena.5

For diffusion phenomena, there is an empirical macroscopic law:

on
= —D —.
J ox
Combining this and law of continuity,
on 0j
o tor T
yields diffusion equation:
o _ o
ot Ox?

One solution is

n(z,t) = \/% e~ " /AL for n(x,0) = No(z).

Therefore mean square of a carrier position in case it is at x =0 at £t = 0:

(z(t)%) = /OO z?n(z,t)dr = 2Dt. (19)

— 00

By comparing with Eq. (18), we get Nernst-Einstein” relation:

D/p=FkT/q.

6See Appendix A.
"According to Wannier, this formula was used by Nernst in 1884 (before Einstein), to determine the
magnitude of charge carried by an individual ion in a solution. [9]
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2.2.7 Diffusion constant and carrier velocity

We have just learnt average displacement of carrier <a:(t)2> is expressed using diffusion
constant D as

(z(t)*) = 2Dt.
How about velocity? By combining Nernst-Einstein relation ¢D/p = kT and thermal
velocity (v?) = kT'/m and mobility p = g7./m, we find

<vl2> = D/7.

Recalling that autocorrelation is Fourier transform of spectral density, we find auto-
correlation of velocity ¢(t) = (v;(0)v;(¢)) using Eq. (15) and ¢(0) = (v?) = D/,

L[ oy it D -
o(t) = (vi(0)v;(t)) = = (v7),, e“dw = —e c
2/ w Te
Note that factor 1/2 is came from the fact that (v;)  is single sided spectral density.

Therefore
4D 1

2 f— S —
<Ui>w o2 14 w27’

From Eq. (17) noise current spectral density

Nq¢?> 4D 1 49 AqDn 1

2 —_ — e — e —_— = .
No = T o T3wm2 “20 L 1702

2.2.8 Mean free time

The formula we derived in Section 1.7 is valid for zero initial conditions, hence Eq. (18)
is for such condition. The average displacement is insensitive to the initial condition
after a certain period of time, however the solution with initial condition gives an
interesting idea for 7.. Namely when a particle is moving at vy at t = 0, average
displacement is given by

(2%(t)) = v§t* for t< 1,

meaning that the particle “flies” freely for a short period of time before it is impacted by
thermal agitation force, and 7. can be interpreted as mean free time (before “collision”).
Here we would like to derive above formula according to Uhlenbeck and Ornstein.[7]

With A(t) = ¢&;/m, the equation for v = & can be written as

1
v+ —v = A(t).

Te
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If we notice that

% (et/rc U) _ €t/TCU + = t/TCU _ et/TcA( )

Te

t
— ey = Uo+/ S/ A(€) de,
0

v can be written as follows:

t
v = e_t/TC—i—e_t/Tc/ S/ A(€) dE. (20)
0

Therefore v2:

t
v? = e e 4 2y, e_Qt/TC/ /e A(€) de

0
—2t/7’c/ / (&+n) /TCA YA(n) dédn.

If we take ensemble average, the second term vanishes since (A(t)) = 0.

2 — .2 —2t/7c —2t/7c Lot (&+n)/7e
(v*(t)) = vge + e e (A(§)A(n)) d&dn (21)
0 JO

We may want to use the fact that A(¢) is white noise, its autocorrelation function is
proportional to delta function. However we would like to proceed a bit more for later
convenience. By taking r = £ +n and s = £ — n as new variables the integral become

/ / (&4m/e ( A(€)A(n)) didn = ~ /Qt /e / ((r+5)/2) A((r — 5)/2)) ds dr,

where factor 1/2 is Jacobian 9(&,n)/0(r,s). Recalling that autocorrelation depends
only on difference of time, inner integral does not depend on 7:

[ a+omae-sm)ya = [ aoaw)

—t —t

Therefore, we can execute integral for r, then Eq. (21) becomes

(WP0) = fe i 4 T (1o i) / A0AW) dt (22)

Now we want to use A(t) is white noise. Let’s say (A(0)A(0)) = Cd(t), and using the
fact that <v2> should be thermal velocity kT /m for t — oo, we find

W2(0) = B (1o, o= 2

m MTe
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Integrating Eq. (20) yields

t n
T —xy = VoTc (1 - e_t/TC) + / e/ / e/ A(€) dedn.
0 0

By squaring, averaging and calculating the integral in the same way as before, we get

{(x —20)*) =vo 77 (1 _ e’t/“) + 2'LL;T (t + % (1 — e’Zt/TC) - 27, (1 - e’t/n)> .

This reduces to the same result we get in the previous section for ¢t > 7., and for t < 7,
it becomes the formula we want.

{(z — x0)2> = vpt?

As for velocity, it approaches thermal velocity very quickly at rate of 7./2. Therefore
we can draw a naive picture of particles flying at thermal velocity v and changing its
direction at rate of 1/7., or after [ = vy 7. of flight.

Non white case Even in case A(t) is not white, we can still get some interesting
result as long as (A(t)) = 0. Eq. (22) becomes for ¢ — oo,

(v?) = lim (v2(t)) = /_ T A0)A®)) dt.

t—o0 2
Recalling that A(t) = ¢&;/m and that (v?) = kT/m, we get relation between mean
free time and thermal agitation force:

2 oo
:C = SET /_OO (E(0)E:(t)) dt.

The right hand side may be calculated by considering details how carriers are scattered.
Recalling that conductivity o is n¢?7./m, this can be seen as a formula which gives
resistance (7.) from noise (&;), while Nyquist formula gives noise from resistance.

Te

A few words on Brownian motion Brownian motion is motion of a small but
macroscopic scale particle (pollen) caused by bombardment of surrounding molecules
(water). Its bombardment of molecules is a bunch of small impulses, the particle is
considered to be driven by white noise. Equation of motion for this particle is the
same as the case of a carrier driven by thermal agitation force, the only difference
is mass of the particle is huge. Carrier particles change their direction completely
randomly by a single impulse, while it is less significant for a particle in Brownian
motion. Furthermore time scale of observation is much longer than the rate of impulse,
which makes it difficult to measure exact velocity (or kinetic energy) at any instant,
thermal velocity tends to be underestimated. However, displacement is relatively easy
to measure and agreement with observation and theory (Eq. (18)) was one of the
evidence of molecular nature of matter.
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2.3 Nyquist’s derivation of Nyquist formula

The author recommends everyone to read Nyquist’s original paper, “Thermal agitation
of electric charge in conductors’, Phys. Rev. 32, 110 (1928). This is a great example
of how we want to explain things. In some sense Section 2.1 is an inferior elaboration of
this classic paper. However, I imagine, he must have analyzed some specific model like
what we did in Section 2.2 and examine the result he’d got carefully before he came
up with his explanation. Classical carrier particle is not fully represent the reality but
it was a good starting point and what I demonstrated there was an example of how to
formulate and analyze a very specific problem. By carefully examining the result or
the process to the result, you may be able to find what is the essential point and may
also be able to set up more generic problem. (In this case, it was the rate of energy
transfer between a system to the other.)

2.4 Net current

When a resistor has net current, i.e., there is net energy flow from the resistor to
the environment, we can’t use statistical mechanics, can we? The total current is
superposition of net current and noise current and we can think net current as a part
of the environment. We can apply statistical mechanics for the noise component as
long as temperature of the resistor is uniform.

G -ty -

In case resistance is a function of net current I, noise spectral density

(%), = 4kT Re(Z(lf)> :

Wrong example Recalling that conductance g of p-n junction diode is Ip /v¢, noise
spectral density for p-n junction diode would be,

(i%); = 4kTg =4kTIp/v, = 4qlp. (wrong!)

Therefore p-n junction diode is noiseless when net current is zero.... Wait a minute,
there’s something wrong.
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2.5 Semiconductor noise
2.5.1 Shot noise

To get the correct answer we need to start from Shockley formula,
Ip =1, (/" ~ 1)

At equilibrium where net current is zero, conductance

0lp

I
9(Ip) =0 = B

Ip=0 Ut

Therefore we get finite noise spectral density:
(i%(0)) ; = 4kTg(0) = 4kT I /vy = 4qL.

With net current of Ip, semiconductor noise is usually explained by “shot noise”.
Shockley formula can be interpreted as sum of forward going and reverse going current:

Ip = Ir — Ig,
where
Ip = L™/, Ip=1,.
“Shot noise” explanation states that each current has independent noise component of
<Z%>f = 2qIr and <z’%>f = 2qIr. Here’s an observation.
(i%(Ip)), = (&%), +(ih), = 2alr +2qlp.
At equilibrium where Ip = 0, this reduces to above thermal noise formula:

(i%(0)), = 241, + 2q1; = 4ql;.

However at Ip > I, where saturation current is negligible (Ip ~ Ir), we get only half
of the “wrong” conclusion shown in the previous page:

(i%(Ip)), = 2alp = 2kTg(Ip).

Figure 4 (a) shows measurement data. Same thing can be said for subthreshold
MOSFET and measurement data is shown in Figure 4 (b). Note that noise magnitude
is still proportional to conductance and temperature, only it becomes half in semicon-
ductor. As we will see in the next section, “shot noise” can be understood as thermal
noise of diffusion current. As for MOSFET in active region, where drift current plays
more role, noise suppression happens only partially. We use v to represent this partial
suppression:

(i) ; = 74kT gm,

where v = 2/3 for long channel device. [8]
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Figure 4: (a) Equivalent noise resistance (according to Nyquist equation) over differential
resistance of diode junction (vertical) as dependent on diode forward current (horizontal)
of junction diode 1N91. Curve calculated, taking account of diode resistance of 20-ohm
outside junction. Points measured. [1] (b) Measured current and noise characteristics of a
subthreshold MOS transistor. The lower curve is the current normalized by its saturation
value Iy, so that it is 1 in saturation and zero when Vj, is 0. The upper curve is the noise
spectral density AI? normalized by dividing it by 2¢l,Af, where Af is the bandwidth and
q is the charge on the electron. As the transistor moves from the linear region to saturation,
the noise spectral density decreases by a factor of two. The lines are fits to theory using
the measured value of the saturation current and the value for the charge on the electron
q=1.6x10"1C. [5]
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2.5.2 Diffusion current noise

Suppose that some external force makes non-uniform carrier density, there must be
diffusion current

on(x)
or

In case total current is dominated by this diffusion current, gradient of n(zx) is constant
because current at any cross section must be the same:

on(z) n(L)—n(0) n(0) <n(L)

j=—qD

e T =7 - 1) , (constant)

Therefore total current

o4y 4D (1 Dy (yolh)

where

~ AqDn(0)

-—

Depletion region of p-n junction makes it possible to create such situation described
here (carrier density gradient, absence of drift current). In subthreshold MOSFET, for
example, n(0) o< exp(—qVys/kT) and n(L)/n(0) = exp(qVys/kT).[6] Therefore

I

I, = I (1—equs/kT> I, ée_qVA"S/kT
) L °

This is current-voltage relation MOSFET in subthreshold region. Note that ¢ is nega-
tive for NCH transistors.

As for noise, since diffusion current is nothing but current driven by thermal ag-
itation force, we can use Eq. (17). Inserting N = AL(n(0) + n(L))/2 into Eq. (17)
yields

(&) = A n(0) +n(L) 4kTqu
Niw ™ L 2 or

Using Nernst-Einstein relation D = ukT'/q, we get “shot noise”,

(), 2 A0 () 3y ()

C2r L n(0) n(0)
For example, noting that device current I is very close to I for n(0) > n(L),

<z%\;>w =2ql/2n. (n(0) > n(L)), <’L%V>w =4qls/2r  (n(L) =n(0))

“Shot noise” is explained in terms of thermal noise of diffusion current.
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2.6 Electromagnetic wave

In Section 2.1, we discussed statistical mechanics of an LC tank circuit which exchanges
energy with the environment. For an isolated LC' tank circuit, energy is exchanged by
electromagnetic wave (radiation). Here we would like to focus on statistical mechanics
of electromagnetic wave in empty space at equilibrium with the environment. Such
electromagnetic wave is known as black-body radiation. There is a lot of excellent
literature on black-body radiation available, we just go over briefly.

As shown in Appendix C, electromagnetic wave is also considered as ensemble of
harmonic oscillators. Due to the fact that electromagnetic wave is transverse, there are
two oscillators for a wave vector k. The number of possible wave vectors in a volume
element d®k is Vd3k/(27)3. Using dispersion relation w = ck and polar coordinate,
this can be written as

Vdik _ Vk? sin 0dkdfd _ Vw? sin Odwdfdyp
(2m)3 (2m)3 N (27 c)3

Therefore, by integrating angular part and multiplying by 2 for that fact that each k
has two harmonic oscillators, the number of oscillators with frequencies between w and
w + dw is found to be
Vw?dw
n2cd
At equilibrium, each harmonic oscillator has energy of kT, therefore energy of electro-
magnetic wave with frequencies between w and w + dw is

VkTw?dw
dUu,, = — 23
Spectral density of electromagnetic wave has frequency dependence while that of cur-
rent doesn’t. This is the consequence of the fact that electromagnetic wave is three
dimensional, while current is one dimensional. However, this Rayleigh-Jeans law does
not match with observation at high-frequencies. Furthermore total energy or “inte-
grated noise”, fooo dU,, diverges. To get correct answer, we need to go to quantum
mechanics. In fact, this problem of black-body radiation led discovery of quantum
nature of elementary interactions of matter. According to quantum statistics, each
harmonic oscillator of electromagnetic field has energy of

hw huw hw
W—F? = thOth%iT (23)

instead of kT, which gives famous Planck’s formula instead of Rayleigh-Jeans law:

h w3dw
723 eh/KT _ 1"

duy, = dU, |V =
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Here we have omitted zero-point energy term (fw/2) in Eq. (23), we will come back
to this later. Planck’s formula has peak at fiw/kT ~ 2.8, which enable us measure
temperature of the matter by spectroscopy of electromagnetic wave. Total energy is
obtained by integrating Planck’s formula:
/OO h w3 dw 2 (kT)*
Uy =
0

7263 ehw/kT _ 1~ 15c3h3

Total energy is proportional to T, which is called Stephan-Boltzmann law. Eq. (23)
gives kT at low frequencies where hw < kT. Therefore quantum effect arises at high
frequencies. At high frequencies where Aiw > kT, Planck’s formula reduces to Wien’s
formula:

duy, = wie /KT gy, (24)

w2c3
Both Wien and Boltzmann derived their formulae (aside from exact proportionality co-
efficient) from classical thermodynamics. Appendix B provides supplemental material
from the classical point of view.

For electromagnetic wave, we had to go quantum mechanics to get correct spectral
density throughout all frequency range. How about carrier? Should we use Eq (23)
instead of kKT which seemingly gives better results? I doubt it. For normal room
temperature, kT /h is about 6THz, which is far above frequencies of our interest and
h/KT is 25fs, which is about the same order or smaller than 7. of metals. From
Eq. (17) high frequency noise component is cut-off at w ~ 1/7, anyway. It is unlikely
that quantum mechanical effect shows up in usual electronic circuit setups.

Zero-point energy Zero point energy gives infinite contribution to the total energy,
however it is constant. Existence of such term does not affect thermodynamic relations.
(In general physics laws, change of energy is important and we can always alter reference
point of energy.) Therefore we can omit this term for total energy calculation. However,
in case electromagnetic wave is confined in a very narrow volume, the number of possible
wave vector reduces significantly and contribution of zero-point energy term to the total
energy also reduces, resulting total energy contribution of this term become a function
of volume. This can be observed as attracting force between to metal plates placed a
few nano meter apart. (Casimir effect)
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Appendix A Random Walk and Diffusion

In section 2.2.6, we introduced diffusion equation rather precipitously and we came
up with an idea that particles driven by white noise fly freely for some distance [ in
Section 2.2.8. Here we will derive diffusion equation from this free flying model, which
can directly be translated into random walk problem.

Consider a particle hopping for length [ either to the left (—) or to the right (+1).
For each time step t,, = n7, that particle makes decision whether it is going to stay or
move to the left or move to the right. The position of a particle after n step, z(t,),
can be written as follows:

x(ty) =e1 +ex+ ... +ep,

where e; is the displacement the particle made for each step, i.e., either 4+ (moved to
the right) or —I (left) or 0 (stay). Let’s say probability for a particle to make move is
p, expectation value for e; and 6? is respectively,

(e =p-(+) + p-(=1) + (1—2p)-(0) =0,
(e2)=p-(+1)* + p-(—1)? + (1-2p)-(0)*> =2pl>.

And we assume each step is independent, i.e., (e;e;) = (e;) (ej) = 0 for i # j. Therefore
expectation value for x(t,) and z2(t,) is respectively,

N 2
x(tn)) = ey =0, (22(t,)) = ee;) = e? :2Npl2:2-li~tn.
ot = 3 =0, (0) = P lees) = 32 () -
We get Eq. (19) with D = pl?/7.

Now we want to consider particle distribution. Suppose that there is n(x,t) particle
at position x at time ¢, n(x,t + 7) will be sum of number of particles that 1) stay, 2)
come from the left, 3) come from the right:

n(z,t+7)=1-2p) n(z,t)+p-nlx—1t)+p-n(x+11). (25)

We would like to observe smooth n(z,t) in a scale much greater than [ and 7, we take
Taylor expansion of n(x,t):

n(x,t+7) = n(x,t) + T‘ang?t),
B on(z,t) 12 0?n(x,t)

Inserting these into Eq. (25) yields diffusion equation:
on(x,t) pfl2 0% n(z,t)

ot T 0%z

(The first order term in Taylor expansion with respect to [ cancels out.)
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Appendix B Black-body Radiation

In section 2.6, we have discussed black body radiation using statistical mechanics
(equipartition theorem) since it follows discussion of Nyquist formula which also uses
equipartition theorem. In this appendix, we will derive Stephan-Boltzmann law and
Wien’s formula from pure classical point of view (electromagnetism and thermodynam-
ics) to show how far we can go without quantum mechanics.

B.1 Gas equation of electromagnetic wave

Consider a cubic box of L made of perfect conductor. If there is a electromagnetic
wave inside the box, it will be reflect back without losing energy, resulting persistent
standing wave. In case electromagnetic wave is isotropic, one can show® that pressure
p is equal to one third of electromagnetic energy per unit volume u,

1

:71/[/7
P=3

by calculating force acting on a wall. Therefore
1

V=-U
Pr =3

can be considered to be gas equation for isotropic electromagnetic wave, where U = Vu
is internal energy of electromagnetic “gas”. Note that for the ideal gas, corresponding
equation is pV = %U and U does not depend on V.

B.2 Stephan-Boltzmann Law

Once we know gas equation, we can apply thermodynamics to it. From U =TS + F
oU oS OF
T = —_— = T —_— —_
- (5v), -7 (), + (&),

_ ([ 9p
—T(aT>V P

where we used thermodynamic relation p = —(0F /0V ) and (0S/0V)r = (Op/0T )y .
Inserting p = u/3, we get

~ Tduw(T) w(T)

=57 ~ 5 — Tar

Therefore u is proportional to 7%. We use a for proportionality constant.

uw(T) = aT*.

8 See Appendix C.
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B.3 Wien’s law

We’d like to decompose energy into frequency components, or spectral density u,:

u(T)—/ Uy, dw,
0

and find what we can say about u,. Wien showed that u, can be written with a

function f as
uy =W’ f(w/T) (26)

by considering adiabatic expansion of electromagnetic wave confined in perfect conduc-
tor and Doppler shift associated with the expansion. Above formula is called Wien’s
law. Once we know wu,, for one particular temperature, we can find u,, for any temper-
ature using this formula. Although we can not say any further about f, we can show
that if u,, has a peak, the location has to be proportional to T' by solving du,,/dw = 0.
Wien speculated his formula Eq. (24) from Eq. (26) and observation data, with A in
the exponent as one of fitting parameters. It is interesting to see both Rayleigh-Jeans
law and Planck’s formula has the form of Eq. (26).

Here I would like to derive Eq. (26) by using dimension analysis rather than demon-
strating Wien’s original derivation which can be found elsewhere. In general, dimension
analysis can not give you a proof, but it is quick and sometimes very useful like this
case.

What we want is energy spectral density per unit volume u,,. First of all, we know
that temperature is average energy of the system and that it always shows up in the
form of kT in laws of physics, where k is Boltzmann constant. Since we want to find
spectral density of electromagnetic wave, let us use speed of light ¢ as well as w and
kT and there is no other physical quantity to specify this system. Rayleigh-Jeans law
is obtained by making energy spectral density from these three quantities:

kT
Uy = A?WQ, (27)
where A is dimensionless constant. w,, has to satisfy Stephan-Boltzmann law:
oo
u(T) = / u,dw = aT? (28)
0

Suppose that this dimensionless quantity is in fact a function of w and T, we can
write such function as A(wT").? Note that at this moment we do not know how to

9In case A’s dependency is w*T", we can always rewrite A as A((wT"/%)%), and replace A and r by
A(xz) = A(z®) and 7" =r/s.
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make dimensionless quantity just from w and T'. We will come back this issue shortly.
Inserting Eq. (27) into Eq. (28) yields

kT

u(T) = 3 /OOO WA A(WTT)dw.

We want to take T' out of the integral, by introducing y = wT",

kT [° yQ 1 ET(1=3r) oo
) = %5 [ Zr A gy = S [Ty

Thus, since the integral is constant, 7 has to be —1 to meet u(T) o< T*. Finally u,, can
be written as follows:

Uy X A(w/T) - li—sz =uwd. jél(ika/w.
This is Wien’s law. Now we have to come back to the issue mentioned earlier — how
to construct dimensionless quantity from w and 7. This issue is now reduced to how
to construct dimensionless quantity from w/7. We know Boltzmann constant which
relates temperature to energy. Therefore it suggests a universal constant which relates

frequency to energy. Planck’s constant is indeed such a constant.

B.4 Black-body

Why we only care about electromagnetic wave in a section titled “black-body radiation”
which seemingly about radiation from some kind of material?

In 1860, Kirchhoff showed, by thermodynamic argument, that ratio of absorption
coefficient of light and radiation intensity does not depend on the material.'® Let’s
say, for a material X at temperature 7', Ax(w,T") is absorption coefficient of fre-
quency w, i.e., material X reflects back (1 — Ax(w,T)) of light arrives and absorbs
Ax(w,T) of it. Suppose that Jx(w,T') is radiation intensity of X, Kirchhoff showed
that Jx(w,T)/Ax(w,T) is a universal function which depends only on w and T'. There-
fore if we measure radiation of a material which absorbs light perfectly, i.e., absorption
coefficient is unity, we can calculate radiation intensity from its absorption coeflicient.
Such material, because it absorbs light perfectly, is called black-body. A small hole to
a cavity is a close approximation of such black-body, since light can go inside freely and
has to be reflected by wall many times before coming out from the hole, likely vanishes
by that time. Light comes out from the hole is mostly leakage of electromagnetic wave
inside. Therefore black-body radiation is in fact electromagnetic wave in an empty
space at equilibrium with surrounding material.

10 Just like Nyquist did for conductors, considering two material at thermal equilibrium through an ideal
optical filter. Nyquist used perfectly matching transmission line (no reflection). It is not difficult to show.
By the way, thermal noise depends only on resistance and temperature and not on the kind of material
conductor is made of.
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Appendix C Isotropic Electromagnetic wave

Our goal is to find pressure of electromagnetic wave confined in walls of a cubic box
made of perfect conductor. There’s no field outside the box. However, we can think of
a periodic system by placing the same box one next to the other infinitely, so that we
can use Fourier transform to represent periodic function.

C.1 Periodic boundary condition

Let’s say the length of one side of the box is L and place x, y, z axis along with the box
as usual. A function f of position 7 inside the box can be decomposed into frequency
components:

2mn;

Fr) =30 Fre®r, k== i={ay ),
k

where ng, ny, n, is integer. There is orthogonality of Fourier basis:

1 ) /
O k! = v /Vel(k_k T @By

Differentiating k, with respect to n, yields
27
In another words, the number of possible k, within k, and k, + Ak, is
L
An, = —Aky.
2

Similarly, the number of possible k within volume element Ak, Ak, Ak, at k:

L L L L3 1%
Ak - ARy Ak = Ak, Ak, Ak, = —— APk,
27 o2r Y 2m (2m)3 v (2m)3

where V' = L3 is the volume of the box. A3k is just a short hand for volume element
Ak;AkyAk,. We have used this in Section 2.6.

C.2 Plane wave solution for electromagnetic field

Now we want to find electromagnetic field in empty space. There is no charge or
current inside the box. In such case Coulomb gauge (V-A = 0) with zero scalar
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potential (¢(r) = 0) is convenient choice. Maxwell’s equation for empty space:

10cB 10F
VXE+E 875 0, VXCB—EW—O,
ot

Note that V- E = 0 and V-B = 0 is automatically satisfied with above equations.
Here we treat cB (speed of light times B field) as one symbol so that ¢B has the same
dimension as E. (c0t is length, V is inverse of length).

Inserting the second line of the equations into the second of the first line yields

162A 9 182A

where we used VxVx A = V(V-A) — V2A. Since V-A = 0, we get wave equation:

To find solution we first apply periodic boundary condition:
_ Z Ak 6ik~7‘
Kk

There will be current on the surface of walls (because it is made of conductor) which
sets another boundary condition other than periodicity such as E has to be normal to
a wall etc. However we would like to leave it for later and take a look at just one plane
wave first.

Plane wave, noting that A(r) is real:

A(r) = ape®” +ce.,

where c.c. is complex conjugate of the first term, namely aj exp(—ik - 7). Inserting
this into the wave equation above yields

ap = _(Ck)2 A, (29)

where k is norm of k, i.e., k = |k|. Therefore ap can have time dependence of
exp(xickt), but we take exp(—ickt) for traveling wave in k direction. From V-A =0,

V-A=ik- (ak ek gk e—““’) = 0. (30)

E field, noting that ag o exp(—ickt):

@A * —ik-r
E = yr =ick (ak ek _aj ek ) . (31)
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Because of Eq. (30), E is perpendicular to the wave vector k. B field:

k . . k
cB=cVxA= 7 X ick (ake’k"'" —a;‘ce_””) = EXE'

Therefore £ = ¢B, and B is perpendicular to both k and E. Energy density for a
plane wave of wave vector k:

_ %o
2

Poynting vector, using Ax BxC = (A-C)B — (A-B)C and k-E = 0:

up, (E* +¢*B?) = gE* =) E-E.

k k k
Sk :caoEch:caoEXExE:cao <E2]<;_ <E k> E),

k k
= EcaoEz = Ecuk.

Energy flows k direction at speed of c¢. Recalling that momentum is energy flux divided
by ¢ squared, relation between momentum density g, and energy density will be

Sk k
= = = — ug.
I 2 ck *

These quantities are vibrating over space and time. To obtain pressure which is flux
of average momentum density, let us average uy over the volume.

1 1
ﬂkzv/uk dSTZV/soE-Ed3r

Inserting Eq. (31) and noting that vibrating term vanishes with integration, we get
Up = 250(ck)2 ag-ay, .
Since ag o exp(—ickt), tg does not have time dependence. Similarly, Poynting vector:

- _k
S = — CUg.

k

As we will see in the next section, pressure is nothing but flow of momentum density,
when a plane wave is reflected by a wall normal to k the wall receives pressure pg of

pr = momentum density X speed = ¢ gx = Sk /c = Ug.

For isotropic wave, it is superposition of plane waves with total momentum is zero,
i.e., k is uniformly distributed over x, y and z directions. Total pressure p will be one
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third of @, total energy density averaged over the volume. From orthogonality of plane
waves, @ is simply sum of . Therefore,

p:éﬂ, U= .
k

We have obtained what we want without applying the final boundary condition
of walls made of perfect conductor. In fact, for black-body radiation, this is enough
and preferable. At thermal equilibrium, walls radiate back the same amount of energy
(momentum) it absorbs, which gives the same amount reaction as reflection by perfect
conductors in average.

Eq. (29) indicates that ag is a vector harmonic oscillator, however ag has to be in
a plane normal to k, the degree of freedom (number of independent oscillators) is 2
(not 3). In another words, each k has two harmonic oscillators.

C.3 Energy/Momentum flow and pressure

Consider a particle in a cubic box of V=L?3, moving at speed of v, in x direction. When
the particle bounced back at a wall of the box, momentum change is 2muv, and it will
travel 2L before come back to the same wall. Therefore average force on the wall

F = momentum change per impact X number of impact per unit time,

Vg mug
:2mvz-ﬁ:vz- i
Pressure p is flow of momentum density mv,/V, or twice of energy density mov?2/2V:
1

When we have N particles in the box consisting uniform gas, momentum flow is dis-
tributed over x, y and z direction uniformly, pV is two thirds of the total energy U:

N
U 1,
.V’ U:;12mvi,

where v; is velocity of i-th particle.
In the special theory of relativity, energy u and momentum g of mass particle m is

m02 muv

Ji—wer YT i wier

Therefore, relation between energy and momentum, g = wvu/c? holds for both mass
particle and electromagnetic wave, i.e., momentum is equal to energy flow divided
by ¢®. In case v < ¢, kinetic energy is second order small quantity: u ~ mc?, and
momentum is energy flow divided by ¢?, i.e., g ~ v-mc?/c? = mv, resulting u = ¢g?/2m
and pV = %U. In case m =0, v = ¢, we got u = cg and pV = %U.

p:

Wl N
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C.4 Statistical Mechanics

We have so far derived gas equation of electromagnetic wave from kinetics. The same
can be obtained in terms of statistical mechanics. According to the (classical) statistical
mechanics, the system partition function Z for N non-interacting particles is

1

Z= 5OV,

where f is one-particle partition function

1 _

Here we use £(p, r) and p for energy and momentum of a particle to align with notation
found in many text books. Since we are thinking of free particles in an empty space
(no external potential), energy does not depend on r, it only depends on magnitude
of momentum p = |p|. Therefore integral over r is equal to the volume V' and integral
over p can be separated into polar coordinate, with angular part is simply 4:

47V & _
f= G /0 P2 e/ g

Since £(p) is a function of p only, integral is a function of kT only, therefore using
constant a and v, f can be written as follows.

f=aVT" =aV 7, B =1/kT.

Let us recall that internal energy U and pressure P can be calculated from partition

function as follows. 91u Z 91u Z
7z P = k722

U= 98 oV

Internal energy

0 0
U=—-——In(f)N = —-N—= InaVT" = yNB—1 = yNkT
a5 n(f) o5 e YNB YNKT,
and pressure
0 NkT
— — vy M
P NkTaVInaVT v
Therefore
PV = NkKT =U/~.

Now, let us evaluate the integral to find . For non-relativistic particles, ¢ = p?/2m.
Therefore, by looking up gauss integral formula, we find

o) 2
2 p 3/2
— d kT .
/0 p exp( 2mk:T> p o (KT)

o4




As for electromagnetic wave, ¢ = ¢p, performing “integrate by part” two times we find

/000p2 exp (—Q) dp o (ET)3.

kT
Therefore
2 e :
PV = §U’ (for non-relativistic particle)
1
PV = §U. (for electromagnetic wave)

PV = NEKT is not valid for quantum mechanical gas but it can be shown that above
relations between P, V and U still hold for quantum mechanical case for both non-
relativistic particle and, of course, photon. Curious reader may refer, for example, §56
of Landau & Lifshitz [4].
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Appendix D Details of Eq. (11)

We want to find following integral: Im

I:/ fiw) et dw /2, o

where “n 1/ms
1 O

Hw) = Ao —iwm)’

1 1 .
_7'17'2. (l/Tl—i-Z'w)(l/TQ—iw). - '
We extend domain to complex plane and take path C shown. With z = iw = re®?,

7{ f(z)e*tdz/2mi = f(2)e*tdz/2mi + f(2) e*dz/2mi,
C Ch Co

where path C; and path Cs is line from —ir to ir and semi-circle from ir to —ir,
respectively. I can be written as

I = lim / f(2)e*dz/2mi = lim < ]{ f(z)eftdz/2mi — | f(2) ethz/Qm').
C1 C Co

r—00 T—00

Since f(z) — 0 as r — oo, integral on C vanishes if ¢ > 0 (Jordan’s lemma). The first
term can be calculated using residue theorem:

—t/Tl
zt . : zt e
dz/2mi= 1 1 = . t>0
 r@ etz mi= Jim 4+ 1n) [ = S (> 0)
Therefore,
00 iwt d —t/T1
/ £ M (>0
—oo (T +iwm) (1 +iwTe) 27 1+ T2
For t < 0, we can use semi-circle on the other side. Result is
9] iwt d —t/T2
/ _° . . . (t<0)
oo (I +iwm)(1 +iwte) 2w 1+ 7o

In case 71 = 19 = 7, we get same answer for ¢t < 0 and ¢ > 0:

/°° et de 1y
o 1 +w?r? 27 27
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Appendix E Noise of RLC resonator

In Section 2.1.3, we used approximation using € = w—wy to evaluate integral of absolute
square of admittance,

ifv o~ ——= ——— (33)
resulting Nyquist formula,
(v*)  ~ 4kTR/2m.

In fact, the integral can obtained exactly using the same method as Appendix D and
above “~” can be replaced by . We could demonstrate it, however, here we like to
calculate autocorrelation of current instead. We start from admittance Y (iw),

w_»

1 WWT3
R (1 +iwte)(1 +iwts)’

Y (iw) =
where

1o = Atiwh, wh=1/1—-(Nwo)?, m=RC, wi=1/LC, \=R/2L.

Recalling that autocorrelation ¢(7) is Fourier transform of spectral density:

o)
/ —indw
>

o)

where factor 1/2 is came from the fact that <12>w is single sided. Using

[\D\}—t

¢(1) =

(%), =Y (iw)[* (v*)_, (v?) =4kTR/2m,
we get with z = iw,
2kTR / w?e " dz
L s (24 1/10)(z + 1/10)(2 = 1/10)(2 = 1/70)  2mi
Using the same method as Appendix D, we find

TR 1 1 1
é(7) = Q%/ R e
L= 2X\-2iw) \ 1g TS

o(1) =

Note that absolute sign of |7| came from the fact that proper semicircle is different
for 7 > 0 and 7 < 0. For 7 = 0, $(0) = (i*) = kT /L, which matches result using
Eq. (33). For wy < A, iw(), 1/7¢ ¢ are real, resulting overshooting. For wy > A, wyj) is
real, resulting damped oscillation:

kTR “ar [coswyT  sinwyT
202 ¢ )

o(1) =

A wo
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Appendix F Useful Formula

Parallel impedance operator

1 r1ro 1 r1Trors

(r1//r2) = 1/ + 1/ Tty (ri/fr2//rs) = 1/ri+1/ra+1/r3 T ritratr

1 1 1 r1

ri//re) = (re/f/im), —7 <+ —=7"7F7—7—, n//ca)=—""
(affra) = (lfn), st = s (e =
Minimum value
A
min < + Bm) =VAB, Tmin = é
T B
Integral
o0 oo 1
/ 7dw/27r 5 = ﬂtan_1 <w> = —wp
o 1+ (W/WO) 2w wo / | 4
/OO dw B lln (w/wo)® |™ lln 1+ (ws/wp)?
we W+ (W/wo)?) 27 14 (w/wo)?],, 2 (ws/wo)?
Two pole response function and its impulse response
fop—— ! (@a>0, b>0)
Yo T T sb+ s2a (L+sta)(1tsm) 7
b+ Vb —4a b
— - _ 2
1/Tee =~ = (1 + /T~ 4a/b )

Discriminant 4a/b?:
4a/b®> <1 — Exponential settling (overshooting)
=1— Critical damping
>1— Ringing

If 4a/b* < 1,
1/7¢ =b/a —1/b, 1/76 =1/b

Canonical form of two pole amplifier

N B A
Q+sB+s2A  (14+s574A0)(1+57g)

A(s) =

If 4AQ/B? < 1:
Ao =N/Q, 7Ta=B/N, 1/tq =B/A-Q/B
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Laplace transform

LWy =1, £0)=1, L{en)=

1

T1

—t/T1 —
714—87’1 L’{t/ﬁe }

)

1 T Ty

(I+s7m)(1+sm) a

S

)

72

(

1

1—1—571_1—}—57'2
1

T — T2

71

(I+sm)(1+sm)

1+s73 . 1

)

72

1
<7'1.1+S7'1 7'2‘14—5’7'2

71 T2 — T3

(1+871)(1—|—8T2) N T —

S

(1+ST1)2 N

1
s(1+4+sm)

1
s(A+sm)(1+sm)
1
s(1+s7)?
14+s73
s(14+sm1)(1+ s72)

Approximation If 7 > 7,

S

S T — T2

T — T2

71 — T3
T2
: <

2
Ti

1+ smy

1+sm D)

)

T2
+ .
m—T 14+sm

1

T1 T1
1+sm (1+$7‘1)2

1

T1
s 14+sm

1 T1 T1 T2

m—m l1l4+sm

1

T1
(1 + 87'1)2

72— T3

1
S 1+sm

1 T2

T1
1+sm

T — T3

T — T2

1 ) T2 1

A+sm)(1+sm)

1

1+STQ_?1.1+371

1+sm
T172
T2

)

1

(

T2

s(I+sm)(1+s

7'2) S_1+8T1 T1.1+87'2
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