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Abstract

Five derivations of the Lorentz transformation are presented: 1) wave equation, 2)
constancy of the speed of light, 3) rotation analogy, 4) symmetry and transformation
group, 5) vector notation. In the first four derivations, we consider only linear trans-
formations of time ¢ and a one dimensional spatial coordinate x. Justification will be
provided in the forth derivation. For the final derivation, we will use three dimensional
vectors for spatial coordinates.

1 Five Derivations of Lorentz Transformation

In this report, we will derive the Lorentz transformation in 5 different ways, 1) wave
equation, 2) constancy of the speed of light, 3) rotation analogy, 4) symmetry and
transformation group, 5) vector notation. In the first four derivations, we consider
only linear transformations of time ¢ and a one dimensional spatial coordinate x. Jus-
tification for this will be provided in the forth derivation, Section 1.4. For the final
derivation, we will use three dimensional vectors for spatial coordinates.

Let’s consider an inertial frame K with coordinates (ct,x), and another inertial
frame K’ with coordinates (ct’,z’). Suppose that K’ is moving at velocity V relative
to K and the origin of K’ coincides with the origin of K at ¢t = 0. A trivial condition
is that a point x = V't is transformed to 2’ = 0. Therefore, the transformation for x
can be written as

' =a(x—(V/c)ct).



Here, we will treat ct as a single symbol to ensure it has the same dimension as x
(length). Now, we have only one parameter « for the spatial coordinate. For ct, we
introduce two parameters 8 and -y, as follows:

ct' = (ct — Bx)

Our task is to find three parameters, «, 5 and -, under the given conditions.

1.1 Wave equation

We require that the condition that the wave equation
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is invariant under a coordinate transformation

¥ =a(x—(V/c)et), ct' =~ (ct—pz), (1.1)

where V is the velocity of K’ relative to K. The first term of the wave equation
transforms as
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The second term of the wave equation transforms as
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Here from Egs. (1.1),
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For the wave equation to be Lorentz invariant, we require Eq. (1.2) minus Eq. (1.3)
becomes
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In other words, we require the coefficient of 92/dct’?, 6% /0™ and 02 /0ct'0z' to be 1,
—1 and 0, respectively. That is

V232 =1, o’ (V/e) —a?=—-1, —vaV/e+~Ba=0.

The solution is 1
_ 2 _ 2 _
5 = V/C, ’}/ =0 = 1—752

Because we want the transformation to be the identity when V' = 0, we take positive

values for both « and ~.
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1.2 Constancy of the speed of light

We begin with transformation of (cdt, dx).
dr' = a(de — (V/c)edt), cdt’ =~ (cdt — Bdx).

We want to find «, 3, v which keeps the interval (cdt)? — (dr)? constant. They are
calculated as follows:

(cdt')? =2 ((cdt)? + B* (dz)* — 2 Bedt dz) ,
(dz')? = o? ((al:z:)2 + (V/e)? (cdt)? — 2(V/c) cdt dx) .

The interval in K’ is

(cdt')? = (da’)? = (v* = &*(V/)?) (cdt)* — (a® — 7°5?) (da)?
+2(=v*8+a?V/c) cdt dx.
This must be equal to the interval in K, (edt)? — (dx)?. Therefore
V¥ —at(Vie) =1, ®—9*82=1, —*B+a*V/c=0.

The solution is

Because we want the transformation to be the identity when V' = 0, we take positive
values for both o and 7.



1.3 Rotation analogy

In a 2-dimensional vector space, it is rotation that keeps x? + y? constant.
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Here, we want to find a transformation that keeps (ct)? — 2% constant. Let’s consider
the following transformation.

ct coshf sinh@\ [ct’
<x> N <sinh9 Coshé?) (x’) (1.4)
One can easily verify that this transformation indeed gives (ct)? — 22 = (ct')? — 2/2.

Let (ct,z) be the coordinate of the origin of K’ in K. Since the coordinate of the
origin of K’ in K’ is (ct’,0),

ct\ _ [coshf sinh@\ [ct’
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ct = ct'coshf, x =ct'sinhé

Therefore

Since O’ is moving at V in K, i.e., V = z/t,

K oz sinh 6

— = = tanh 6.
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Recalling that cosh?§ — sinh?# = 1, we find
1 tanh 6
coshf) = ——, sinh@zL.
V1 — tanh?# v/1 — tanh?#

Therefore ) v

cosh= ———— sinhf = /e

VI=(V/e)

1= (V/e)?
Inserting these to Eq. (1.4),
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The inverse transformation will be

()= = (e 7))
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1.4 Symmetry and transformation group
1.4.1 Introduction

In this section, we derive the Lorentz transformation by considering the symmetry of
space-time and transformation group. It was constancy of the speed of light which
brought the idea that time must be transformed along with the spatial coordinates.
Once we accept this idea, we can demonstrate that the transformation from one iner-
tial frame to another is either a Lorentz transformation or a Galilean transformation,
based on a few assumption of space, time and the transformation itself. Those are 1)
isotropy of space, 2) homogeneity of space and time, 3) the transformation forms a
transformation group. [1, 2]

The outline of the derivation is as follows: We first show that the transformation is
linear and separates into (¢, ) and (y, z) coordinates from the isotropy of space and the
homogeneity of space and time, both of which were implicitly assumed in the previous
derivations in this report. Then, the reciprocity of the transformation and combined
transformation are applied to determine the matrix element of the transformation. The
resulting transformation includes an arbitrary parameter K, which is identified as 1/c?
for the transformation to be the Lorentz transformation.

1.4.2 Derivation

Consider a Cartesian coordinate system S’ moving at a velocity v relative to another
Cartesian coordinate system S. Suppose that the z, y, z axes of S and the 2/, v/, 2/
axes of S’ coincides at t = 0 and the transformation of spatial and time coordinate
(t,z,y,2) of S to spatial and time coordinate (¢',2',y’,2’) of S’ is written as follows:

The transformation should be the identity when v = 0.

T(t,z,y,z20)=t,
X(t,z,y,20) ==, (1.5)
Y(t,2,y,2;0) =y,
Z(t,x,y,20) = z.

From the isotropy of space, the directions of axes are arbitrary as long as they are
orthogonal each other. However, since we set the direction of relative velocity v to
zr-axis, we only consider rotations that will not alter the direction of z-axis. If we



rotate the y and z axes of S around the z-axis by 6, the coordinates of a point (z,y, z)
will become (z,y cosf + zsinf, —ysinf + z cos ). The same thing can be said for 5.
Therefore
T(t,z,ycosf + zsinf, —ysinh + z cos O;v) =
X(t,z,ycosf + zsinf, —ysinf + z cosO;v) =
Y (t,z,ycosf + zsinf, —ysinf + zcosO;v) =y 0089+ 2 sin 6,
Z(t,z,ycosf + zsinh, —ysinf + z cos O;v) = —y'sin O + 2’ cos 6.

In case 68 = 180°,

T(t,z,—y, —z;v) =t

X(t,z,—y,—2zv) =2, (1.6)
Y(t,x,—y,—zv) = —y,

Z(t,x, —y, —z;v) = —2.

Now, let’s consider a rotation around the z-axis. This time, we can only perform a
180° rotation since we don’t want to alter the direction of the z-axis. If we rotate the
x and y axes of S around the z-axis by 180°, the coordinates of a point (z,y, z) will
become (—z,—y, z). The same can be said for S’. This time, the z-axis got inverted,
the velocity v must also be inverted.

T(t,—x,—y,z;—v) =

X(t,—x,—y,z;—v) = (1.7)
Y(t, ~, .7 —v) = 4/,

Z(t, —x,—y, z;—v) = 2.

From the homogeneity of space and time, all functions have translation symmetry. For
example, for two time points to and 1,

T(x,y,z,t2) — T(x,y,2,t1) =T (x,y,2,te +t) = T(x,y,2,t1 + t),
for any t. Rearranging above yields
T(x,y,z,t1+t) —T(x,y,2,t1) =T(x,y,2,ta +t) — T(x,y, 2, t2).
Since this is true for any ¢; and ¢9, T must be a linear function of ¢.
T(t) = at+ const.

The same applies to all coordinates (¢,z,y,z) and functions (7, X,Y, Z). Therefore,
the transformation can be written in a matrix form as follows:

t/ Qtt ('U) Qty (’U) ity (1}) Aty (U) t
| an(v) aze(v)  agy(v)  az:(v) x
y ayt(v)  aya(v)  ayy(v) ayz(v) Yy
2 ax(v) (V) azy(v) a:(v) z



From Eq. (1.6), we have

t an(v) (V) ag(v)  a(v) t
| | aw(v) aae(v)  agy(v)  az:(v) x
Y ayt(v)  aye(v)  ayy(v)  ay(v) -y
—z (V) (V) azy(v) az.(v) —z

By comparing the above two expressions, we see some of coefficients must be zero.

4 awt(v)  app(v) 0 0 t
|| aw(v) azz(v) 0 0 x
Y 0 0 ayy(v)  ay:(v) Y
Z' 0 0 azy(v)  az:(v) z

From Eq. (1.7), we have

t aw(—v)  ap(—v) 0 0 t
—z' | | aw(—v) agL(—v) 0 0 —z
—y' 0 0 ayy(—v)  ayz(—v) -y

z 0 0 Azy(—v)  az(—v) z

By comparing the above two expressions, we see that

ayy (V) = a:2(v) = ayy(—v) = azz(—v),
ay-(v) = ( ) = ayz(—v) = azy(—v) =0,

ap(—v ) an(v),  ata(—v) = —aw(v),

Azt (—0) = —a12(V),  Gpe(—V) = aze (V).

Recalling that S’ is moving at v along the x-axis of S and the origin of S’ coincides
with the origin of S at ¢t = 0. That is, when x = vt, then 2/ = 0, or

' = av) (z —vt),

where
a(v) = a(—v) = age(v)
Therefore
az = —va(v)
Let’s say

att(v) = '7(1))7 atx(v) = _7(7})<(U)7 ayy(v) = azz(v) = ¢(U)



We see

() =y(=v), —y(v){(v) =~v(-v){(~v),
C(v) = =((v), ¢(v) = p(—v),

and
£ = (o) (t = C(v) 7).

Now we can write the transformation in two 2-dimensional expressions.

(g)_<~£§&w<f5$O(®’ @)‘W@?)¢&Q(@ (18)

Let’s assume the reciprocity of the transformation. That means the transformation
from S’ to S moving at velocity —v relative to S’ will be

(@=Qﬁﬁﬁwlﬁ$5@%(@=@%”MLD@>

(
Recalling that a(v) = a(—v), v(v) = y(—v), ¢(v) (—v), ¢(v) = ¢p(—v), we find
a(v

@%V&Z>U 0<?&Mﬁ

Plugging these into Egs. (1.8), we find (omitting (v) for shorthand)

(e 3000 G696

Therefore
o —vayC=1, va®—vay=0 — a=7 Y(1-0v)=1, (1.9)
=1 — ¢==I (1.10)
The transformation should be the identity when v = 0, (Eq. (1.5)), we should choose
¢ = 1. To summarize what we got so far,

(1) =0 (o 6 ()=62)0)

Now we require that two consecutive transformations yield the same class of transfor-
mation. That is

7“”<—&w ?ﬁ»””<—&w _f>:”“”<—&w>_f§'
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Proceeding with the calculation yields

1090 (" 15weem) =70 (L ) 0

From the diagonal elements,

(W) y(v) (1 +ul(v) =y(w), y(w)y(v) (1+v(u)=~y(w),
= 14udv) =1+0v(u) =y(w)/y(u)y(v),
= () =vl(u) = ((v)/v=_((u)/u,

we see that ((v)/v is constant because ((v)/v = ((u)/u for any v and u. Let’s say
((v)/v =K. From Eq. (1.9),

)= g

Therefore, the transformation, Eq. (1.8), becomes

()=t G D0 OGO e

From Eq. (1.11),

A(©)? (1= v¢(v) =1

1 U+ v
l1+uvK T1tuwvK | _ 1 ( 1 —w>.
VA - @?K)(1 - ?K) | _(utvK ! VI-w?K \~wK 1

l+uvK

Now the inverse of the forefront factor of above is
V(1 —u2K)(1 — v2K) _\/1+u202K2—(u2+v2)K
1+uvK N 14+ u2v?K2 +2uvK
_\/1+u22}2K2+2uvK(u2+v2+2uv)K
- 1+ uw2v2K2 4+ 2uv K ’

_ \/1_ (u+0)°K
N (1+uvK)?

B U+ v
14 uv K’

In the case where K = 0, above becomes Newtonian velocity addition law.

Therefore

w (1.13)

w=u-+v



In the case where K > 0, Eq. (1.13) becomes the relativistic velocity addition law with
K=1/c

o u+tvw

- 1+uv/c?

()= (e )0 (0)-6 D)

or using ct instead of ¢ makes the matrix symmetric and the both element of the vector
have the same dimension.

()= e Lo V() (-6 D)

1.5 Mermin’s derivation of velocity addition law

w

Finally

Mermin [3] demonstrated the way to observe the violation of classical velocity addition
law, and derived the relativistic one without using the constancy of the speed of light.
In this case, it does not have to be light; any object fast enough can demonstrate
the violation of classical velocity addition law. Mermin’s derivation also includes an
arbitrary parameter K, which is also identified as 1/c?.

1.6 Vector notation

Let’s consider an inertial frame K with coordinates (ct,r), and another inertial frame
K’ with coordinates (ct’,7"). Suppose that K’ is moving at velocity V relative to K
and the origin of K’ coincides with the origin of K at t = 0 and ' = 0. One trivial
condition is that a point » = V't is transformed to = 0. From the homogeneity of
space and time, we see that the transformation must be linear. From the isotropy of
space, we see that vector components parallel to V' are scaled differently than vector
components normal to V. Therefore the transformation should be written with real
parameters 1, «, v, (,
r'=n <1 — B(ﬁg )> (r—ﬂct) + aﬁ(ﬁg' )(r—ﬁct), ct' =~ (ct—C(%)r> )

where we used 3 = V' /c for shorthand. Note that

B(B-)
32
is a projection operator which projects a vector onto the direction of V.

BB) BB
22
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Proceeding with the calculation yields,

r’_n<1—ﬁ(ﬁ’)>r+a<ﬂ(’6 r) Bct) ct’_fy<ct—g(ﬂ'r)>,

pB? B2 B
or
r'=nry + a(r—Bc), t—7<ct C(ﬂér)>,
where 8(8) B(8-v)
. . ’r‘
(88, n-tn
Now we invoke the condition that interval is invariant, (ct')? — (v')2 = (ct)? — r2.
(ct’)2 — 2 ((ct)2 e (ﬂ5;)2 —2ct¢ (ﬁﬁr) 7
B-r)? B
:72(@)24_7%2( 52T> 2t ( BT)’

("2 = n*r? +a? (r) - Bet)?,
2
=n? (r _BB-T) (B T)> + oz27‘ﬁ + a?B%(ct)? —2cta® (B - ||

32
2
:a2ﬁ2(ct)2—|—’r]27“2+(oz2—7]2) (B-7) —2cta2B (B-r)

B2 g
To make (ct')? — (r')? equal to (ct)? — r?, we want
V—a?B =1, =1, ¥ -a*+1*=0, Y -a*s=0. (1.14)
From the last equation, we find
ol
g

Inserting this and 7 = 1 into the first and the third equations of Eqgs. (1.14), we find
1
B=1- ol V(B (1—-(B) =B~
Inserting the first equation to the second, we find
1
2 _ _ 2 _ .2 2 _
v _ﬁa (=0, a"=9", n°=1L

Since the transformation has to be the identity when V' = 0, we choose positive values.

1

7:7/ﬁ, a=v, n=1L
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Finally the transformation is

r=r, + y(rj—Bct), o' =y(ct—(8-r)),
where BB .
-
——, B=V/c 7_71#@'

ri=(r—r), =
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